CRITERION FOR THE INTEGRALITY OF THE TAYLOR 
COEFFICIENTS OF MIRROR MAPS IN SEVERAL VARIABLES 



E. DELAYGUE 



Abstract. We give a necessary and sufficient condition for the integrality of the Taylor 
coefficients at the origin of formal power series qi(z) = Zi exp(Gj(z)/i r (z)), with z = 
(z\, . . . , z d ) and where F(z) and G,(z) + \og(zi)F{z), i = 1, . . . , d are particular solutions 
of certain A-systems of differential equations. This criterion is based on the analytical 
properties of Landau's function (which is classically associated with the sequences of 
factorial ratios) and it generalizes the criterion in the case of one variable presented in 
"Critere pour l'integralite des coefficients de Taylor des applications miroir" [J. Reine 
Angew. Math.]. One of the techniques used to prove this criterion is a generalization of 
a version of a theorem of Dwork on the formal congruences between formal series, proved 
by Krattenthaler and Rivoal in "Multivariate p-adic formal congruences and integrality of 
Taylor coefficients of mirror maps" |arXiv:0804. 3049^3, math. NT]. This criterion involves 
the integrality of the Taylor coefficients of new univariate mirror maps listed in "Tables of 
Calabi-Yau equations" |arXiv:math/050 7430^2, math. AG] by Almkvist, van Enckevort, 
van Straten and Zudilin. 

1. Introduction 

The mirror maps considered in this article are formal series of d variables Zi(x±, . . . , x d ), 
i — 1, . . . , d, such that the map 

(xx, ...,x d )\-> (zx(xi, ...,x d ),..., z d (xx, x d )) 

is the compositional inverse of the map 

(yi, ...,y d )^ (91(2/1, ...,y d ),..., q d (yi, yd)), 

with, writing y = (y 1: . . . , y d ), ft(y) = y»exp(G f i (y)/F(y)) for % = l,...,d and where 
F(y) and Gi(y) + log(yi)F(y) are particular solutions of a certain A-system of linear 
differential equations. These objects are geometric in nature because the series F(y) are A- 
hypergeometric functions (0) which can be viewed as the period of certain multi-parameter 
families of algebraic varieties in a product of weighted projective spaces (see |S] for details). 



A classic example of multivariate mirror maps, studied in [2], [13] and j8] is related to 
the series 

_ (3m + 3n)! 
F(z u z 2 )- 2^ , 3 , 3 Z\ z 2 (1.1) 



m! 3 n! 3 

m,n>0 



1 The A-hypergeometric series are also called GKZ hypergeometric series. See [13] for an introduction 
to these series, which generalize the classic hypergeometric series in the multivariate case. 
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which is solution of the system of differential equations 

f Dfy - z x (3D 1 + 3D 2 + 1) (3D 1 + 3D 2 + 2) (3D X + 3D 2 + 3) y = 0, 
\ D\y - z 2 (3Di + 3D 2 + 1) (3D X + 3D 2 + 2) (3D 1 + 3D 2 + 3)y = 0, 



where D\ = z\-^ and D 2 = 2 2 ^. We find two other solutions of this system G\(zi, z 2 ) + 
\og(zi)F{zi, z 2 ) and G 2 (-2i, 2 2 ) + log(z 2 )F(zi, z 2 ) where 



This set of solutions enables us to define two canonical coordinates 

qi(zi,z 2 ) = z 1 exp(G 1 (z 1 ,z 2 )/F(z 1 ,z 2 )) and 92(21,22) = z 2 exp(G(z 1 , z^/F^, z 2 )). 

The associated mirror maps are defined by the formal series Zi(qi,q 2 ) and z 2 (qi,q 2 ) such 
that the map (91,92) ^ (21 (91 , 92), 22(91, 92)) is the compositional inverse of the map 
(21,22) (91(21,22), 92(21,22)). 

According to the Corollary 1 from [8], the series 91(21,22), 92(21,22), 21(91,92) and 
22(91,92) have integral Taylor coefficients. 

Mirror maps are of interest in Mathematical Physics and Algebraic Geometry. Particu- 
larly, within Mirror Symmetry Theory, it has been observed that the Taylor coefficients of 
mirror maps are integers. This surprising observation has led to the study of these objects 
within Number Theory, which has led to its proof in many cases (see further down in the 
introduction). The aim of this article is to establish a necessary and sufficient condition for 
the integrality of all the Taylor coefficients of mirror maps defined by ratios of factorials 
of linear forms. 

1.1. Definition of mirror maps. In order to define the mirror maps involved in this 
article, we introduce some standard multi-index notation, which we use throughout the 
article. Namely, given a positive integer d, k £ {1, . . . , d} and vectors m := (mi, . . . , m^) 
and n := (ni, . . . , rid) in we write m • n for the scalar product mini + • • • + m^n^ and 
m (fc) f or m ^ ^y e wr jt e m > n if and only if > n t for all i 6 {1, . . . , d}. In addition, if 
z := (21, ... , Zd) is a vector of variables and if n := (ni, . . . , rid) € then we write z n for 
the product 2™ 1 • • • z^ d ■ Finally, we write for the vector (0, . . . , 0) e 7h d . 



Given two sequences of vectors in N d e := (ei,...,e 9l ) and / := (fi,...,f 92 ) , we 
write |e| := Y^T=i e « an d l/l := Y1T=\ ^ e ^ so that, for all k G {1, we have 

|e|W = Eti e ? ) and l/l (fc) = E*i ?i k) - For a11 n e Nd > we write 




and 




2e,/(n) : 



(ei-n)!---(e gl ■ n)! 
(fi-n)!---(f 92 .n)!- 
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We define the formal series 



n>0 



ei -nj!---(e gi -nj! n 
(fa-n)!--.^.!!)! 



and 



91 92 



- g t^^f - f s (L2) 

where /c G {1, . . . , d} and, for all m G N, if m := X^ZLi 7 * s the m_ th harmonic number. 
The series F e j{z) is a A-hypergeometric series and is therefore a solution of a A-system of 
linear differential equations. In some cases, we find d additional solutions of this system 
together with at most logarithmic singularities at the origin, the G e j^{^) + log(£fc)-F(z) 
for k G {1, . . . ,d}. 

In the context of mirror symmetry, when |e| = |/|, the d functions 

q e j >k (z) := z k exp(G e>ftk (z)/F e>f (z)) , k G { 1 , . . . , d}, 

are canonical coordinates. The compositional inverse of the map 

z i-). (q eJ>1 (z),...,q eJ>d (z)) 

defines the vector (z e j jl (q), . . . , z e j^(q)) of mirror maps. 

The aim of this article is to establish a necessary and sufficient condition for the in- 
tegrality of the coefficients of the d mirror maps z e j^(q), that is, to determine under 
which conditions, for all k G {l,...,d}, we have z e j^{q) G Z[[q]]. In the context of 
Number Theory of this article, the mirror map z e ,/,fc(q) and the corresponding canonical 
coordinate q e j^{z) play strictly the same role because, for all k G {l,...,d}, we have 
g e j i fc(z) G z k 7i[[z]] if and only if, for all k G {1, ... , d}, we have z e j jk (q) G gfcZ[[q]] (see [HI 
Partie 1.2]). Therefore, we shall formulate the criterion exclusively for canonical coordinate 
but it also holds for the corresponding mirror maps. 

1.2. Statement of the criterion. Before stating the criterion for the integrality of the 
Taylor coefficients of q e j tk (z), we recall the definition of Landau's function associated with 
a ratio of factorials of linear forms. Given two sequences of vectors in N d e := (ei, . . . , e qi ) 
and / := (fi, . . . , i q2 ) , we write A e j the Landau's function associated with Q e j, which is 
defined, for all x G lR d , by 

91 92 

A e ,/(x) := j^-xj-j^-xl, 

i=i j=i 

where |_-J denotes the floor function. We also write {•} for the fractional part function. We 
still write |_-J, respectively {•}, for the function defined, for all x = (xi, • • • ,Xd) G M d , by 
|_xj := (L^iJj • • • , [%d\), respectively by {x} := ({xi}, • • • , {xd})- For all c G N d , we have 
|_c-xj = |_c ■ {x}J + c • |_xj and therefore A e j(x) = A e j({x}) + (|e| — |/|) • [xj . So, we have 
|e| = | f\ if and only if A e j is 1-periodic in each of its variables. We write T> e j for the semi- 
algebraic set of all x G [0, l[ d such that there exists d G {e 1; ■ ■ • , e 9l , f 1; ■ • ■ , f q2 } verifying 
d • x > 1. The set [0, l[ d \D e j is nonempty and the function A e j vanishes on [0, l[ d \D e j. 
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The following proposition shows that the Landau's function provides a characterization of 
the sequences e and / such that, for all n G N d , Q e j(n) is an integer. 

Landau's criterion. Let e and f be two sequences of vectors in N d . We have the following 
dichotomy. 

(i) If, for all x G [0, l] d , we have A e j(x) > ; then, for all n G N d , we have Q e j(n) G 
N. 

(ii) If there exists x G [0, l] d such that A e j(x) < —I, then there are only finitely many 
prime numbers p such that all terms of the family Q e j are in Z p . 

Remark. Assertion (i) is a result of Landau from [10J: he has proved that it is in fact a 
necessary and sufficient condition. We prove Landau's criterion assertion (ii) in Section [2J 

In literature, one can distinguish several results proving the integrality of the Taylor 
coefficients of univariate mirror maps (i.e. d = 1) when |e| = |/|. One can find them, in an 
increasing order of generality, in |15| . [7] and [3]. Refer to the introduction from [3] 
for a detailed statement of all these results. In the univariate case, the most general result 
builds up a criterion for the integrality of the Taylor coefficients of mirror maps defined 
by sequences of ratios of factorials. According to the notations of this article, it reads as 
follows: 

Criterion for univariate mirror maps (Theorem 1 from [3J). Let e and f be two disjoint 
sequences of positive integers such that Q e j is a sequence of integers (which is equivalent 
to A e j > on [0, 1]) and which satisfy \e\ = \ f\. Then, we have the following dichotomy. 

(i) If, for all x G T> e j, we have A e j(x) > 1, then q e j t i(z) G z7i[[z]]. 
(ii) If there exists x G T> e j such that A e j(x) = 0, then there are only finitely many 
prime numbers p such that q e ji(z) G zZ p [[z}}. 

In the multivariate case, Krattenthaler and Rivoal proved in [8J the integrality of the 
Taylor coefficients of mirror maps belonging to large infinite families. In order to state 
this result, for all k G {1, . . . , d}, we write for the vector in N d , all coordinates of which 
equal to zero except the k-th which is equal to 1. 

Theorem (Corollary 1 from [8j). Let e and f be two sequences of vectors in N d verifying 
\e\ = |/| and such that f is only composed of vectors of the form lk with k G {1, . . . , d}. 
Then, for all k G {1, ... , d}, we have q e j^(^) G ZfcZ[[z]]. 

The purpose of this article is to prove the following theorems, which provide a characteri- 
zation of the multivariate mirror maps, associated with integral ratios of factorials of linear 
forms and all the Taylor coefficients of which are integers. We prove in Section 11.31 that 
they contain the results of other authors who worked on this subject previously. First, we 
consider the case |e| = |/| and then we state the results when there exists k G {1, . . . , d} 
such that |e|( fe) > |/|^. When there exists k G {l,...,d} such that |e|^ < |/|^, the 
family Q e j has a term that is not an integer and the question of the integrality of the 
Taylor coefficients of g e j i fc(z) is still open. 
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Theorem 1. Let e and f be two disjoint sequences of nonzero vectors in N d such that Q e j 
is a family of integers (equivalent to A e j > on [0, l] d ) and which satisfy \e\ = \ f\. Then 
we have the following dichotomy. 

(i) If, for all x G T) e j, we have A e ./(x) > 1, then, for all k G {1, . . . ,d}, we have 

q e j,k( z ) e z k^[[v]\- 

(ii) If there exists x G T> e j such that A e j(x) = ; then there exists k G {1, . . . , d} such 
that there are only finitely many prime numbers p such that q e jk(z) G 2%Z p [[z]]. 

Remarks. • Note the similarity between Landau's criterion and Theorem [TJ 

• We assume that the terms of the sequences e and / are nonzero and that these 
sequences are disjoint in order to rule out the possibility that A e j vanish identically, 
which corresponds to the formal series F e j(z) = (1 — Zi)~ x ■ • - (1— Zd)" 1 , G e j t k(z) = 
and q e j,k( z ) = z k . 

• Assertion (ii) of Theorem [1] is optimal as, if A e j vanishes on T> e j and if d > 2, 
then there may exist k G {!,..., d} such that q e j^(z) G ^Z[[z]]. Indeed, if one 
chooses d = 2, e = ((3, 0)) and / = ((2, 0), (1, 0)). Then we have V e j = {(x\, x 2 ) G 
[0, 1[ 2 : Xl > 1/3}, A eJ ((l/2, 0)) = and q eJ>2 (z) = z 2 . 

• Theorem [T] generalizes the criterion for univariate mirror maps and Corollary 1 from 
[H] (see Section O]). 

We will now state a criterion for the integrality of the Taylor coefficients of mirror-type 
maps qh,ej defined, for all L G N d , by q^^jiz) := exp(G Le j(z)/F e j(z)), where G^ e j is 
the formal power series 

Gl - /(z) - ^ (^rHf^! 4 " Z ' (L3) 

We write £ e j for the set of all L G N d \{0} such that there is a d G {ei, . . . , e qi , f±, . . . , f 92 } 
satisfying L < d. We have gL, e ,/(z) G 1 + Y2j=i z j^ll z }} ari( i 



9l 




= n (^Az)p / n (./,•.,, (/!)'• , (i.4) 



z 

so that if, for all L G £ e j, we have (?L,e,/(z) G Z[[z]], then, for all k G {1, ... , d}, we have 
q e j t k{z) ^ 2fcZ[[z]]. Thus, assertion (i) of Theorem [2] implies assertion (i) of Theorem [TJ 
Assertion (ii) of Theorem [2] adds details to assertion (ii) of Theorem [TJ To be more 
precise, it proves that there exists k G {1, . . . , d} such that q e j t k( z ) ^ 2 fcZ[[z]] and that all 
the mirror-type maps indeed involved in (jl.4j) have at least one Taylor coefficient which is 
not an integer. Thus Theorem [TJ can be seen as a corollary of Theorem [2j 

Theorem 2. Let e and f be two disjoint sequences of nonzero vectors in N d such that 
Q e j is a family of integers (which is equivalent to A e j > on [0, 1] ) and which satisfy 
\e\ = \f\. Then we have the following dichotomy. 

(i) If, for all x G T> e f, we have A e j(x) > 1, then, for all L G S e f, we have q^ e f(z) G 
Z[[z]]. ' ' ^ 



(ii) If there exists x £ X> e j snc/i t/icrf A e j(x) = 0, then there exists k G {1, . . . , d} such 
that, ifhE £ e j verifies L/ fc ) > 1, then there are only finitely many prime numbers 
p such that gL,e,/(z) G Z p [[z]]. Furthermore, there are only finitely many prime 
numbers p such that q e j^(z) G ^Z p [[z]]. 

Theorem [2] generalizes Theorem 2 from j3] and Theorem 2 from [H] (see Section [TT3"j) . If 
there exists k G {l,...,d} such that |e|^ > we have the following theorem which 

generalizes Theorem 3 from [3J. 

Theorem 3. Let e and f be two disjoint sequences of nonzero vectors in N d such that Q e j 
is a family of integers (which is equivalent to A e j > on [0, l] d ) and such that there exists 
k G {1, . . . , d} verifying |e| (fc) > |/| (fc) . Then, 

(a) there are only finitely many prime numbers p such that g e j ) fc(z) G z&Z p [[z]]; 

(b) for all L G £ e j verifying > 1, there are only finitely many prime numbers p 
such that gL e j(z) G Z p [[z]]. 

1.3. Comparison of Theorems [H [2] and [3J with previous results. First, we prove 
that Theorems [1] and [2] generalize Corollary 1 and Theorem 2 from |8j . We only have to 
prove that, if e and / are two disjoint sequences of nonzero vectors in N d , verifying |e| = |/| 
and such that / is only constituted by vectors with k G {1, . . . , d}, then, for all x G T> e j, 
we have A e j(x) > 1. Indeed, if x G T> e j, then x G [0, l[ d and, for all k G {1, . . . , d}, we 
have If. ■ x = 0. Thus, there exists an element d in e such that d ■ x > 1 and we have 

Ql <?2 <?1 

A e ,/(x) = ■ xj - £[fi ■ = • X J > L 

i=l j=l i=l 

Let us now prove that Theorems [2] and [3] generalize Theorems 2 and 3 from p] . It 
is sufficient to note that if ti = 1, then e and / are two sequences of positive integers 
and, writing M e j for the greatest element in the sequences e and /, we obtain E e j = 
{l,...,M eJ } andP e>/ = [l/M eJ ,l[. 

1.4. Structure of proofs. First, we prove assertion (ii) of Landau's criterion in Section[2J 
Section [3] is dedicated to the statement and the proof of Theorem HJ which generalizes 

criteria of formal congruences proved by Dwork and by Krattenthaler and Rivoal. These 
criteria were crucial for the previous results about the integrality of the Taylor coefficients 
of mirror maps. Theorem H] is central to the proofs of Theorems [1] and |2j 

In SectionHJ we reduce the proofs of Theorems [TJ |2] and |3] to the proofs of p-adic relations. 

Section [5] is dedicated to the statement and the proof of a technical lemma which we will 
use to prove both assertions of Theorems [1] and [2j 

We prove assertions (z) of Theorems [T] and [2] in Section this is by far the longest and 
the most technical part of this article. Particularly, we have to prove certain number of 
delicate p-adic estimations in order to be able to apply Theorem HJ 

In Sections [7] and |H1 we prove assertions (ii) of Theorems [T] and [2] and the Theorem [HJ 
which ensue rather fast from reformulations of these theorems established in Section HI 

6 



Finally in Section [91 we prove that Theorems [T] and [2] enable us to obtain the integrality 
of the Taylor coefficients of new univariate mirror maps listed in [1] by Almkvist, van 
Enckevort, van Straten and Zudilin. 



2. Proof of assertion (ii) of Landau's criterion 



First, let us introduce some additional notations which we will use throughout this 
article. Given d G N, d > 1, A G JR., k G {l,...,d} and vectors m := (mi,...,m^) 
and n := (jix, . . . , n^) in M d , we write m + n for (rrii + n\, . . . , + n^), Am or mA for 
(Amx, . . . , Am^), and m/A for (mi/X, . . . , m^/A) when A is nonzero. 

To prove assertion (iz) of Landau's criterion, we will use the fact that, for all prime p and 
all n G N d , we have v p (Q e j(n)) = J2iLi A(n/j/). Indeed, we recall that, for all m G N, we 
have the formula v p (m\) = YlT=ii. m /p e \- Thereby, we get 



We will need the following lemma, which we will also use for the proofs of assertions (ii) 
of Theorems [I] and [2j In the rest of the article, we write 1 for the vector (1, . . . , 1) G N d . 

Lemma 1. Let u := (ui, . . . , u n ) be a sequence of vectors in N d and Xo G M. d . Then, there 
exists fi > such that, for all x G M. d satisfying < x < /il and all i G {1, . . . ,n}, we 
have ■ (x + x)J = [u { ■ x J . 

Proof. For all y > 0, there exists v y > such that [y + v y \ = [y\. Thus, writing v := 
min{i/ UrXQ : 1 < i < n} > 0, we obtain that, for all i G {1, ... , n}, we have |_ u i- x o + v \ = 
[uj.x J. Therefore, writing /i := min{z//|uj| : 1 < i < n, Uj ^ 0} > 0, we get that, for all 
< x < /il and all i G {1, . . . , n}, we have Uj ■ x < /x|uj| < v so [u^ • (x + x)J = |_Uj • x J . 
This completes the proof of the lemma. □ 

Proof of assertion (ii) of Landau's criterion. Given x G [0, l] d satisfying A e j(x ) < — 1 
and applying Lemma [T] with, instead of u, the sequence constituted by the elements of e 
and /, we obtain that there exists fi > such that, for all x G lR d verifying < x < fil, 
we have A e j(x + x) = A e j(x ) < —1. We write U := {x + x : < x < /il} during the 
proof. 

There exists a constant M\ such that, for all prime p > J\f\, there is n p G N d such 
that n p /p G U. There exists a constant M2 such that, for all prime p > A/2 and all 
d G {ei, . . . ,e gi ,fi, . . . ,f ?2 }, we have |d|(/i + l)/p < 1. 

Thus, for all prime number p > M := max(A/i,A2) and all integer i > 2, we have 
A e j(n p /p) < —1 and, as n p /p G W, we have n p /p < (1 + /i)l and n p /p e < n p /p 2 < (fi + 
l)/pl. As a result, for all d G {e 1; . . . , e gi , f 1; . . . , f g2 }, we obtain d ■ n p /^ < \d\(fi+l)/p < 
1, which leads to n p /p e G [0, l^Pej and so A e j(n p /p £ ) = 0. 





00/91 92 \ 00 



) 
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Thus, for all prime p > A/", we have v p (Q e j(n p )) = Y^tLi ^e,f( n p/p e ) — ~ 1> which 
finishes the proof of Landau's criterion. □ 



3. Formal congruences 

The proof of assertion (i) of Theorem [2] is essentially based on the generalization (The- 
orem H] below) of a theorem of Krattenthaler and Rivoal [SJ Theorem 1, p. 3] which is a 
multivariate adaptation of a Dwork's theorem [3J Theorem 1, p. 296]. 

Before stating the Theorem HJ we introduce some notations. Let p be a prime number 
and d G N, d > 1. We write f2 for the completion of the algebraic closure of Q p and O for 
the ring of integers of Q. 

If N is a subset of (J t>1 ({0, . . . ,p t - l} d x {£}), then, for all s G N, we write * s (jV) 
for the set of all u G {0, . . . ,p s — l} d such that, for all (n, t) G A/", with t < s, and all 
j G {0, . . . ,jr s_< — we have u ^ j + p s ~*n. 

Given u G {0, . . . ,p s — l} d , u := X]fc=o u kP fc with u fe G {0, . . . ,p — l} d , we write A4 s (u) 
for the word Uo • • • u s _i of length s on the alphabet {0, . . . ,p — l} d . According to this 
definition, we have u G ty s (J\f) if and only if none of the words A4t(n), (n, t) G A/", is a 
suffix of A4 s (u). 

For example, let us take M := {(0, t) : t > 1}. In this case, $ S (A/") is the set of all 
u = u fc p fc such that u s : ^ 0. We observe that V a (J\f) = * a (jV') with A/"' = {(0, 1)}. 

Theorem 4. Let fix a prime number p. Let (A r ) r >o be a sequence of maps from N d to 
Q\{0} and (g r ) r >o be a sequence of maps from N d to O\{0}. We assume that there exists 
J\f C \J t>1 ({0, . . . ,p l — l} d x {t}) such that, for all r > 0, we have 

(i) |A P (0)| P = 1; 

(ii) for all m G N d , we have A r (m) G g r (m)0; 

(Hi) for all s G N and m G N d , we /iawe: 

(a) for all u G ^(AT) and v G {0, . . . ,p — l} d , we have 

A r (v + up + mp s+1 ) A r+ i(u + m/) ^_ s+1 g r+5+ i(m) g ^ 
A r (v + up) A r+1 (u) P A r (v + up) ' 

(ai) furthermore, if v + pu G ty s+ \(J\f), then we have 

A r (v + up + mp s+1 ) A r+ i(u + m/) ^ s+1 g r+fl+1 (m) g _ 
A r (v + up) A r+ i(u) g r (v + up) 

(02) on £/ie o£/ier /iand, if v + pu ^ ^ s+ \(Af), then we have 

A r+1 (u + p s m) ^ g s+r+ i(m) g 
A r+ i(u) g r (v + pu) 

(6) For a// (n, t) G A/", we have g r (n + p*m) G p*g r+ t(m)(9; 
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Then, for all a G {0, . . . , p — l} d , me N d , s, r G N and K G Z d ; we nave 
S r (a, K, s,p, m) := 

£ (A r (a + p(K-j))A r+1 a)-A r+1 (K-j)A r (a + jp)) ep s+1 g s+r+1 (m)0, 

mp s < j < (m+ 1 )p a — 1 

(3.1) 

where we extend A r to 7L d by A r (n) = if there is an % G {1, . . . , d} such that ni < 0. 

This theorem generalizes Theorem 1 from [8]. Indeed, let A : N d i— >• Z p \ {0} and 
: M d i — >• Z p \{0} be two maps verifying conditions (i), (ii) and (Hi) of Theorem 1 from [8J. 
Let (A r ) r >o be the constant sequence of value A and (g r ) r >o be the constant sequence of 
value g. These two sequences verify conditions (z) and (ii) of Theorem HJ Let us choose 
M := so that, for all s G N, we have ^ S (M) = {0, . . . ,p s — l} d . In particular, conditions 
(02) and (b) of Theorem H] are empty. Thus we only have to prove that (A r ) r > and (g r ) r >o 
verify assertions (a) and (a\) of Theorem HI The equality ^ s+ i(Af) = {0, . . . ,p s+1 — l} d , 
associated with assertion (ii), proves that condition (a\) implies assertion (a). But assertion 
(a%) corresponds to no other assertion than (Hi) of Theorem 1 from [8]. Thus the conditions 
of Theorem H] are valid and we have the conclusion of Theorem 1 from [8] . 
The aim of the end of this section is to prove Theorem HI 

3.1. Proof of Theorem 31 The structure of the proof is based on those of the theorems 
of Dwork and Krattenthaler and Rivoal, but it rather appreciably differs in details. 

For all s G N, s > 1, we write a s for the following assertion: for all a G {0, . . . ,p — l} d , 
u G {0, . . . , s — 1}, m G N d , r > and K G Z d , we have the congruence 

S r (a,K,w,p, m) G p u+1 g u+r+1 (m)0. 

For all s G N, s > 1 and t G {0, . . . , s}, we write tjS for the following assertion: for all 
a G {0, . . . ,p — l} d , m G N d , r > and K G Z d , we have the congruence 

S r (a, K + mp s , s,p, m) = 

E A ^; l(j + ^"' ) S r (a,K,t,p,j) modp s+1 g s+r+1 (m)0. 

For all a G {0, ... ,p - l} d , K G Z d , r G N and j G N d , we set 

U r (a,K,p,j) := A r (a+p(K-j))A r+ i(j) - A r+ i(K - j)A r (a + jp). 
Then we have 

S r (a,K, s,p, m) = U r (a, K,p, j + mp s ). 

o<j<(p s -i)i 

We state now four lemmas enabling us to prove ( 13. lft . 



Lemma 2. Assertion a% is true. 
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Lemma 3. For all s, r G N, m G N d , a G {0, . . . ,p- l} d , j G * s (jV) and K G Z d , we /iaue 
U r .(a,K + mp s ,p,j + mp s ) = Ar+ ^ (j - ™ pS) U r (z, K,p, j) mod p s+1 g s+r+1 (m)0. 

Lemma 4. For a// s G N, s > I, if a s is true, then, for all a G {0, . . . ,p — l} d , K G Z d , 
r > and m G N d ; we aave 

S r (a, K, s,p, m) = £ U r (a, K,p, j + mp s ) mod p s+1 g s+r+ i(m)0. 

Lemma 5. For all s G N , s > 1, and a// t G {0, . . . , s — 1}, assertions a s and /3 tjS imply 
assertion pt+i,s- 

Before proving these lemmas, we check that their validity implies (13. ip . We prove by 
induction on s that a s is true for all s > 1, which leads to the conclusion of Theorem |H 
According to Lemma [21 a\ is true. Let us assume that a s is true for a fixed s > 1. We 
note that (3q iS is the assertion 

(3 0iS : S r (a, K + mp s ,s,p, m) = 

£ A ^j + ^) Sr (a ; K,0, P ,j) mod/ +1 g s+r+1 (m)0. 

As S r (a, K, 0,p, j) = U r (a, K,p, j), we have 

V 7 ttt S r (a,K,0,p,j = > 7TT U r (a,K,p,j) 

A r+ i l A r + 1 l 

and, according to Lemma [31 we get 

^ A r+ i(j + m/) 

V 7 ttt U r (a,K,p,j) 

J 6 £w Ar+l(j) 

= £ U r (a, K + mp s ,p, j + mp 5 ) mod p s+1 g s+r+ i(m)(9 
je* s (Af) 

= S r (a, K + mp s , s,p, m) mod p s+1 g s+r . + i(m)(9, (3.2) 

where (13. 2p is obtained ma Lemma HI 

Hence, assertion /3 , s is true. Then we get, according to Lemma the validity of 
By iteration of Lemma we finally obtain fi S)S which is 

S r {&,K + mp s ,s,p, m) = V] A ^+i(J ~|~ m ) S r (a, K, s,p, j) mod p s+1 g s+r+ i(m)C 

A s+r+ i(m) ^ ^ _ nA ^ +1 



A s+r+ i(0) 



S r (a,K,s,p,0) modp s+1 g s+r+1 (m)0, (3.3) 



where we used the fact that \E , (A/') = {0} for ( 13. 3p . 
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We will now prove that, for all a G {0,...,p — l} d , r G N and K G Z d , we have 
S r (a, K, s,p, 0) G p s+1 0. For all N G Z d , we write Pn for the assertion: "for all a G 
{0, . . . ,p - l} d and r G N, we have S r (a, N, s,p, 0) G p s+1 0". If there exists z G {1, . . . , d} 
such that Ni < 0, then, for all j G {0, . . . ,p s — l} d , we have A r (a + p(N — j)) = and 
A r+1 (N — j) = so that S r (a., N, s,p, 0) = G p s+1 0. First, we prove by contradiction 
that, for all N G Z d , Pn is true. Let us assume that there is a minimal element N 6 N d 
such that Pn is false. Given m G N d \ {0} and N' := N — mp s and applying (13. 3p with 
N' instead of K, we get 

S r (a,N,s,p,m) = ^±^ S r (a, N', s,p, 0) mod / +1 g s+r+1 (m)0. 

As m G N d \ {0}, we have N' < N, which, according to the definition of N, leads to 
S r (a, N', s,p, 0) G p s+1 0. According to conditions (i) and (ii), we have |A s+r+1 (0)| p = 1 
and A s+r+1 (m) G g s+r+ i(m)C, so we get S r (a, N, s,p, m) G p s+1 g s+r+ i(m)C C p s+1 C 
Thereby, for all m G N d \ {0}, we have S r (a, N, s,p, m) G Given T G N d such that, 

for all i G {1, . . . , d} we have (Tj + l)p s > Ni, we get 

S r (a,N, s,p, m) 

0<m<T 

= E E (A r (a + p(N-j))A r+1 (j)-A r+1 (N-j)A r (a + jp)) 

0<m<T mp s <j<(m+l)p s -l 

= ^ (A r (a + KN-j))A r+1 (j)-A r+1 (N-j)A r (a + jp)) (3.4) 

0<j<N 

= 0, (3.5) 

where we used the fact that A r (n) = when there is an i G {1, . . . , d} such that < 
for ( 13.41) . and ( 13. 5 h occurs because the term of sum ( 13 Ah is changed into its opposite when 
changing the index j in N— j. So we obtain S r (a, N, s,p, 0) = — Xlo<m<T Sr(a, N, s,p, m) G 
p s+1 0, which is contradictory to the status of N. Thus, for all N G 7L d , Pn is true. 
Furthermore, conditions {%) and (ii) respectively lead to 

|A s+r+ i(0)| p = 1 and A s+r+ i(m) G g s+r+ i(m)C. 

Then we obtain, according to ( 13. 3ft . that S r (a, K + mp s , s,p, m) G p s+1 g s+r+ i(m)0. This 
latest congruence is valid for all a G {0, ... ,p — l} d , K G 7L d , m G N d and r > 0, which 
proves that the assertion is true and completes the induction on s. We now have to 
prove Lemmas [2], [3J H] and [5j 

3.1.1. Proof of Lemma\^ Given a G {0, . . . ,p — l} d , K G Z d , m G N d and r > 0, we have 

S r (a,K,0,p,m) = A r (a + p(K - m))A r+1 (m) - A r+1 (K - m)A r (a + pia). (3.6) 

If K — m ^ N d , then we have A r (a + p(K — m)) = and A r+ i(K — m) = so that 
S r (a, K, 0,p, m) = G pg r+ i(m)0, as expected. Thus we can assume that K — m G N d . 
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We rewrite (13. 6p as follows. 

'A r (a + p(K - m)) A r+1 (K-m) 



S r (a,K,0,p,m) = A r (a) A r+1 (m) 



A r (a) A r+ i(0) 



a fv ^\ f A -d a ± in El A r+1 (m) \ 

As \I/o(AO = {0}, we can use (a), with instead of u and a instead of v, to obtain 

A r (a + p(K - m)) _ A r+i (K - m) g r +i(K - m) 
A r (a) A r+1 (0) fcP A r (a) 

and 

A r (a+ mp) _ A r+ i(m) g r+ i(m) g 
A r (a) A r+ i(0) P A r (a) 

This leads to 

a t \k i \ ( A r (a + p(K — m)) A r+ i(K-m)\ . . , . 

A r (a)A r+1 (m) 1 ± + G pg r+ i(K - m A r+1 m )0 

\ A r (a) A r+ i(0) / 

C pg r+1 (m)0 (3.8) 

and 

» / \ * njr n /A r (a+mp) A r+1 (m)\ . w . . 

A r (a)A, +1 (K - m) ( ^ - j e P fr+1 (m)A r+1 (K - m)0 

C pg r+1 (m)0, (3.9) 

where we used condition (n) for (13. 8p and (13. 9p . which leads to A r+ i(m) G g r +i (m)C 
and A r+1 (K - m) G g r +i(K - m)£> C C Applying §£E§ and ([13]) to (I577j) . we obtain 
S r (a, K, 0,p, m) G pg r+ i(m), which finishes the proof of the lemma. 

3.1.2. Proof of Lemma\^ We have 

U r (a, K + mp s ,p, j + mp s ) - Ar+ ^ (j + ^ U r (a, K,p, j) 

* / -w / , ■ x ( A r (a + jp + mp s+1 ) A r+1 (j + mp s ) ^ 

= -A r+ i K-j A r a + jp . — . 3.10 

V A r (a + jp) A r+ i(j) / 

As j G ty s (Af), hypothesis (a) implies that the right-hand side of equality (I3.10P lies in 

A r+1 (K-j)A r (a + jpy«^iM . 

Furthermore, according to condition (ii), we have A r+ i(K— j) G g r+ i(K— j)0 C O. These 
estimates prove that the left-hand side of (I3.10P lies in p s+1 g s+r+ i(m)0 , which completes 
the proof of the lemma. 
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3.1.3. Proof of Lemma^ Let us fix r, s G N, s > 1, such that a s is true. 

For all u G {0, . . . , s}, we write A u for the assertion: for all n G {0, . . . ,p s ~ u — l} d , we 
have 

^2 U r (a,K,p,j + np u + mp s ) = S r (a, K, u,p, n + mp s ~ u ). 
o<j<(p«-i)i 

We will prove by induction on u that, for all u G {0, . . . , s}, the assertion A u is true. 

If u — 0, then there is nothing to prove so ^4o is true. Let u G {0, . . . , s — 1} such that 
A u is true. Let us prove that A u+ \ is true. For all n G {0, . . . ^p s ~ u ~ l — we have 

S r (a, K,u + l,p, n + m/""' 1 ) = S r (a, K, w,p, v + np + mp s_M ) 

0<v<0-l)l 

= £ U r (a,K,p,j + vp u + np u+1 + mp s ) (3.11) 

o<v<(p-i)i o<j<0«-i)i 

^ U r (a,K,p,j + np" +1 + mj9 s ), (3.12) 

0<j<(p u + 1 -l)l 

where we used assertion A u for (13. lip . Equality (I3.12p proves that A u +i is true, which 
finishes the induction on u. 

If ^ S {M) = {0, . . . ,p s — l} d , then Lemma H] is trivial. In the sequel of this proof, we 
assume that # S (A/") ^ {0, . . . ,p s - l} d . We have u G {0, . . . ,p s - l} d \ ~$ s (Af) if and only 
if there exists (n, t) G J\f, t < s, and j G {0, . . . , p s ~ l — l} d such that u = j + p^'n. We 
write M s the set of all (n, t) E M with t < s. So we have 

{0,...,p s -l} d \* s (A0 = |J {j+P^n : jG{0,...,/-*-l} d }. 

(n,t)eAf s 

In particular, the set Af s is nonempty. 

We will prove that there exists k G N, k > 1, and (ni, ii), . . . , (n^, G A/" s such 
that the sets J(rij,tj) := {j + p s ~ ti n i : j G {0, . . . ,p s ~ li — l} d } induce a partition of 
{0, . . . ,p s - l} d \ V s (J\f). We observe that J\f s C U t =i ({0, . . . ,p* - 1} X {t}) and thus J\f s 
is finite. Therefore, we only have to prove that if (n, t), (n', t') G J\f s , j G {0, . . . ,p s_ * — l} d 
and j' G {0, . . . , p 5- ' — l} d verify j + p s ~*n = j' + p s ~ l n', then we have J(n, t) C J(n', t') 
or J(n',t / ) C J(n, t). Let us assume, for example, that t < t'. Then there exists jo G 
{0, . . . ,p l ~* — l} d such that j = j' + p s ~ l jo, so that p s ~ l n' = p^'n + p s ~ l j and thus 
J(n',t') C J(n, t). Also, if t > t', then we have J(n, t) C J(n',t'). Thus, we get 

S r (a,K,s,p,m) = U r (a, K,p, j + mp s ) + U r (a, K,p, j + mp s ), 

je^CA/") je{o,...,ps-i} d \t> s (Af) 

(3.13) 

with 

k 

U r (a,K,p,j + mp s ) = U^a.K.pJ+p'-^ + mp'). 

je{o,...,p s -i} d \* s (AO »=i je{o,...,p s - t i-i} d 

(3.14) 
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We now prove that, for alH G {1, . . . , k}, we have 

£ U r (a,K,p,j+p- tt n < + mp s ) G p s+1 g s+r+1 (m)0. (3.15) 

je{o,...,p s - i l -i} d 

Given z G assertion ^4 S _^ leads to 

£ U r (a,K,p,j +p s ~**n i + m/) = S r (a, K, s - U,p, n; + mp u ). 

0<j<(p s_t i-l)l 

As > 1, we get, wza a s , that 

S r (a, K, s - t u p, ni + mp u ) G p s ~' l+1 g s _ ti+r+ i(n i + mp u )0. 

Applying assertion (b) with ti instead of t and r + s — ti + 1 instead of r, we obtain 

p s - k+1 g s . u+r+1 (ni + mp u ) G p s ~* i+ V i g s+r+1 (m)C) = p s+1 g s+r+ i(m)0. 

Thus, for all % G {1, . . . , fe}, we have (j3.15p . 

Congruence (I3.15p . associated with ( I3.14p and (I3.13p . proves that 

S r (a,K, s,p,m) = £ U r (a, K,p, j + mp s ) mod p s+1 g s+r+ i(m)C, 
which completes the proof of Lemma HI 

3.1.4. Proof of Lemma\£h During this proof, i indicates an element of {0, . . . ,p — l} d and 
u indicates an element of {0, . . . ,p s ~ l ~ l — l} d . For t < s, we write (3 t)S as follows 

S r (a, K + mp s , s,p, m) = 

£ At+r t l(1 + K ' P» 1 + mod^ +1 g s+r+1 (m)0. (3.16) 

We want to prove /9t+i, s , which is 
S r (a, K + mp s , s,p, m) = 

£ ^ + ° (u + 7f~'~\ (a,K,t + l,p,u) mod^WiHO. 

We note that S r (a, K, t + l,p, u) = X/o<i<(p-i)i ^r( a i K, i, p, i + up). Thus, writing 
X := S r (a, K + mp s , s,p, m) 

A t+r+2 (u + mp^ 1 ) 
> > t r~\ S r (a,K,t,p,i + up), 

0<i<(p-l)lue# s -t-x(AO t+r+^v 7 

we only have to prove that X G p s+1 g s+r+ i(m)0 . We have 

i + up G * s _ t (A0 u G *»_ t _i(j\0- ( 3 - 17 ) 
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Indeed, if u ^ \I/ s _t_i(jV), then there exists (n,k) G A/", k < s — t — 1, and j G 
{0, . . . 7 p s - t - 1 ~ k — i} d such that u = j + p s ~* -1 n. Thus we have i + up = i + jp + p s_ *~ fc n, 
which leads to i + up ^ ^^(A/ - ). Hence, according to written as (I3.16p . we obtain 

X= > S r (a,K,t,p,i+up) I — r — 

f kt\ V A t+r+ i(i + up) A t+r+2 (u) J 



i+upG* a -t{N) 

+ £ + Sr (a, K, £ , p, i + up) mod/ +1 g s+r+1 (m)0. 



ue* s _ t -i(A/') 

i+up^* s - t (A0 

Furthermore, applying (cti) with s — t — 1 instead of s and t + r + 1 instead of r, we get 

A t+r+1 (i + up + mp^) _ A t+r+2 (u + mp 8 ^- 1 ) a _ t g 8+r+1 (m) 
At +r+ i(i + up) A 4+r+2 (u) g t+r+ i(i + up) 

In addition, as £ < s and since a s is true, we have 

S r (a,K,£,p,i + up) Gp m gt +r+1 (i + up)G (3.18) 

and we obtain 

V At+r+2 A (U + m { 1 % r (a,K,t,p,i+up) modp s+1 gs+r+1 (m)0. (3.19) 

Finally, when i + up ^ $? s - t (Af), we can apply condition (a 2 ) with s — t — 1 instead of 
s, i instead of v and r + £ + 1 instead of r, which leads to 

A t+r+2 (uW-^) g g s+ ^(m) 
A t+r+2 (u) g t+r+1 (i + up) 

Applying (13TT81) and ( 13T20D to f l3~T9l) . we obtain X G p s+1 g s+r+ i(m)C This finishes the 
proof of Lemma |5] and thus the one of Theorem HI 



4. A p-ADIC REFORMULATION OF THEOREMS [TJ [2] AND [3] 

Let e and / be two disjoint sequences of nonzero vectors in N d such that Q e j is a family 
of integers. We fix L G £ e j throughout this section. We recall that, for all k G {1, . . . , d}, 
we have q e j^{^) G 2%Z[[z]], respectively gL,e,/( z ) G Z[[z]], if and only if, for all prime 
number p, we have q e j t k{^) G ZfcZ p [[z]], respectively gL,e,/(z) G Z p [[z]]. 

We will define, for all prime number p, two elements $ Pi i(a + pK) and $L,p(a + pK) of 
Q p , where a G {0, . . . ,p — l} d and K G N d , and we will prove that g e j i fc(z) G ZfcZ p [[z]], 
respectively gL,e,/( z ) G Z p [[z]], if and only if, for all a G {0, . . . ,p — l} d and all K G N d , we 
have $ P) fc(a + pK) G pZ p , respectively $L,p( a + G pZ p . 

To simplify notations, we will write £ := £ e j, T> := T> e j, A := A e j, Q := Q e j,F := 
F e ,f,G k := G e j tk , G L := G ht ej, q k := <? ei/>fc and q L := q^ e ,f, as throughout the rest of the 
article. We fix a prime number p in this section. 
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Before proving Theorems [TJ [2] and [3j we will reformulate them. The following result is 
due to Krattenthaler and Rivoal's Lemma [8j Lemma 2, p. 7]; it is the analogue in several 
variables of a lemma of Dieudonne and Dwork [6, Chap. IV, Sec. 2, Lemma 3]; [9j Chap. 
14, Sec. 2]. 

Lemma 6. Given two formal power series F(z) £ 1+X)i=i z i^ll z ]] andG(z) £ $^i=i Z «Q[[ Z ]]; 
we define q(z) := exp(G(z)/F(z)). TTien we /iawe g(z) £ 1 + Yui=i z i^p[[ z ]] if an d on ^V if 
F(z)G(zP)-pF(zP)G(z)epj:i 1 z i Z p [[z}}. 

Lemma [6] will enable us to "eliminate" the exponential in the formulas 

q k (z) = z k exp(G k (z)/F(z)) and g L (z) = exp(G L (z)/F(z)). 

Since A > on [0, l] d , we obtain, according to Landau's criterion, Q as a family of 
integers and thus F(z) £ 1 + Yli=i ^i^[[ z ]]- Furthermore, according to identities (II. 2p 
and ( II. 3p defining the power series G k and Gl, we have G k (0) = G*l(0) = and so 
G k (z) and G*l(z) lie in Yli=i ;ZjQ[[z]]. Thereby, following Lemma El we have q k {z) £ 
ZfcZ p [[z]], respectively qi,(z) £ Z p [[z]], if and only if we have F(z)G k (z p ) — pF(z p )G k (z) £ 

pE?=i*Zp[[z]], respectively F(z)G Ij (z p ) - P F( Z p)G l (z) £ p Zti *ZpH- 

According to identity (II. 2p which defines G k , the coefficient of z a+pK in F(z)G k (z p ) — 
pF{z p )G k {z) is 

$ P ,fc(a + J)K) := 

(91 <?2 \ 

^ef^K-j).^ -^(a +pj ).ej - Y,t\ H ^-M -^(a+pj)-fj 

and, according to identity (II. 3p defining Gx, the coefficient of z a+pK in F{z)G\ J {z p ) — 
pF(z p )G L (z) is 

$ L , P (a + Kp):= Q(K-j)Q(a + jp)(fl L .( K -j)-pfii..(a+jp)). 

0<j<K 

Thus we have ^(z) £ z k 1t p [[z\], respectively gi^z) £ Z p [[z]], if and only if, for all a £ 
{0, . . . ,p— l} d and K £ N d , we have <3> Pi fc(a + pK) £ pZ p , respectively $L, P ( a + pK) £ pZ p . 



5. A TECHNICAL LEMMA 

The aim of this section is to prove the following lemma which we will use for the proofs 
of assertions (i) and (ii) of Theorem |5J 

Lemma 7. Let e and f be two sequences of vectors in N d such that \e\ = \ f\. Then, for 
all s EN, c £ {0, . . . ,p s — l} d and m £ N d , we have 

Qe,/(C) Qe,f(cp + mp s+1 ) el+p s+l z 



Q e j(cp) Q eJ (c + mp 
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To prove Lemma [7J we will use certain properties of the p-adic gamma function defined 
as follows, T p (n) : = (— l) n, y p (n), where J p (n) := rifc=i^- The function T p can be extend to 

(M=i 

the whole set Z p but we shall not need it here. 

Lemma 8. (i) For all n G N, we have the formula = p n 7 p (l + np). 
(ii) For all k,n,s G N, we have T p (k + np s ) = T p (k) mod p s . 

Assertion (i) of Lemma|8]is obtained by observing that 7 p (l + np) = ^rH- Assertion (ii) 
of Lemma [8] is Lemma 1 . 1 from [9j . We are now able to prove Lemma UJ 

Proof of Lemma We have 

Q e j(cp + mp s+1 ) _ tt (e» • (cp + mp s+1 ))! yr (fj • (c + mp s ))\ 
Q eJ (c + mp s ) ~ A = l ( e . 4 ■ (c + mp s ))\ fj^ (f- • (cp + mp s+1 ))! 

_ n'IiP eHc+mpS) 7 P (l +pe, ■ (c + mp s )) 
~ n?=i p fl - (c+mpS) 7 P (l + Pft • (c + mp s )) 

-dei-i f n£i(P erC (-l) 1+peHc+mpS) r p (l + pe t ■ (c + mp 8 ))) 
ELti (p fi - c (-l) 1+pfl - (c+mpS) r p (l + pii ■ (c + mp s ))) 
= / n (|e|-i/|). mp ^ nti (p^(-l) 1+e - cp T p (l+p ei ■ (c + mp°))) 

nti(p fi ' c (- i ) 1+frcpr p( i +p f i-( c + m P s ))) 

(5.1) 

ntiP ei '°(-l) 1+ei " cp n*ir p (l+pei- (c + mp s )) 



n-ii^- c (-i) i+ficp ' nti r P (i+pMc+mp*)) 



(5.2) 



where we used the identity |e| — |/| = for (15. ip and ( 15. 2p . According to assertion (ii) of 
Lemma [U for all n G N d , we have T p (l + n • cp + n • mp s+1 ) = T p (l + n • cp) mod p s+1 . 
So we get 

Qti r p(! + • cp + e, ■ mp* +1 ) _ Uti OV 1 + e » ; C P) + Q(p s+1 )) 

nti r P (i + f, • c P + f, ■ mp»+ 1 ) rr=i (r P (i + $ • <*>) + o^ 1 )) ' 

where we write x = 0(p k ) when x G p fc Z p . Furthermore, according to the definition of T p , 
for all n G N d , we have T p (l + n ■ cp) G Z* Then we obtain 

^1, (T p (l + e l .cp) + 0(p^)) nti T P (1 + e t ■ cp) 

n£ 1 (r p (i + f J -cp) + o(p^)) ntir P (i + f,-cp) 1 + lP jj 
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and thus, 



Qejjcp + mp s+1 ) _ n^pei-cf-ljl+ei-cp jjf =1 T p (l + e, • cp) 
Q eJ (c + mp«) n£iP fl - c (-l) 1+fl Cp ' Uti r p (l + ti ■ cp) 




(1 + 0(p s+1 )) 



This completes the proof of the lemma. □ 



6. Proof of assertions (i) of Theorems [TJ and [2] 

We assume the hypothesis of Theorems [1] and [2j Furthermore, we assume that, for all 
x G T>, we have A(x) > 1. As we said in Section [L2l assertion (i) of Theorem [2] implies 
assertion (z) of Theorem [TJ So the aim of this section is to prove that, for all L G E, we 
have <7l( z ) ^[[ z ]]- Following Section [TJ we only have to prove that, for all L G S, all 
prime number p, all a G {0, . . . ,p — l} d and K G N d , we have $L,p( a + pK) G pZ p . We fix 
a L G £ in this section. 



6.1. New reformulation of the problem. For all prime number p, all s G N, a G 

{0,...,p- l} d and K, m G N d , we define 



where we extend Q to Z rf by Q(n) = if there is an i G {1, . . . , d} such that rii < 0. 

The aim of this section is to produce, for all prime number p, a function g p from N d 
to Z p such that: if, for all prime p, all s G N, a G {0, . . . , p — l} d and K, m G N d , we 
have S^a, K, s, p, m) G p s+1 g p (m)'Z p , then we have $L iP (a + Kp) G pZ p . Thus the proof 
of assertion (z) of Theorem [2] will amount to finding a suitable lower bound of the p-adic 
valuation of S*(a, K, s,p, m) for all prime p. This reduction method is an adaptation of the 
approach to the problem made by Dwork in jl]. 

6.1.1. A reformulation o/$L, P ( a + Kp) modulo p7L p . This step is the analogue of a refor- 
mulation made by Krattenthaler and Rivoal in Section 2 from [7]. We fix a prime number 
p. We will prove that 



$ L , p (a + Kp) = - ^ *MQ(a + jp)Q(K-j)-Q(j)Q(a+(K-j)p)) mod j9Z p . 



5(a,K, s,p, m) : 



(Q(a + jp)Q(K - j) - Q(j)Q(a+ (K - j)p)) 



m P s < j < (m+ 1 )p s — 1 



0<j<K 



(6.1) 
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For all a G {0, . . . , p — l} d and j G N d , we have 

/Ljp La 

pH MaL+ip) = p ( X) 7 + 2 rrw 



L-j , LL-a/pJ 



P 



h t — ; I mod pZ. 

^ zp ^ L • jp + zp I 



LWpJ 

= if Lj + V . modpZp. (6.2) 
We need a result that we shall prove further by means of Lemma [TU] stated in Section 

For all L G S, a G {0, . . . ,p - l} d and j G N ', we have 

LWpJ 

Q(a + jp) X r^X " g P Z p- ( 6 - 3 ) 
i=i L,, J~ l_l 

Applying ( 16. 3ft to (16.2ft and with the fact that Q(a + jp) G Z p and Q(K — j) G Z p , we 
obtain 

Q(K - j) Q(a + jp)p# L .(a + jp) = Q(K - j) Q(a + jp^.j mod pZ p . 
This leads to 

$ L , p (a + Kp) = X Q(K-j)Q(a + jp)(fT L . (K -j) - pH h . (a+jp) ) 

0<j<K 

= X Q(K-j)Q(a + jp)(^ L . ( K-j)-i/L.j) modpZ p 

0<j<K 

= - X ^L.j(Q(a + jp)Q(K-j)-Q(j)Q(a+(K-j)p)) mod pZ p , 

0<j<K 

which is the expected equation ( 16. ip . 

We now use a Krattenthaler and Rivoal's combinatorial lemma (see [HI Lemma 5, p. 14]) 
which enables us to write 

X H Li (Q(a + jp)Q(K - j) - Q(j)Q(a+ (K-j)p)) 

0<j<K 

r-1 

= J2 Wi{a,K,s,p,m), 

s=0 0<m<(p r - s -l)l 

where r is such that p r ~ 1 > max(Ki, . . . , Kj) and 

W L (a, K, s,p, m) := 5(a,K, s,p, m)(if L . mpS - i^L-Lm/pjp^ 1 )- 

If we prove that, for all s G N and m G N d , we have Ml (a, K, s,p, m) G pZ p , then we will 
have $L,p(a + Kp) G pZ p , as expected. 
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For all m £ N d , we set /x p (m) := X/i^i lx>({ m /V}) an d S'pI 111 ) := p Atp( - m - ) , where l v is 
the characteristic function of D. We now use the following lemma which we will prove in 
Section 16.1.21 

Lemma 9. For all prime number p, all L £ S, m £ N d and s £ N, we have 

P^dpi 1 * 1 ) (H L . mp s - -£f L -|m/pJp 3 + 1 ) ^ P^,p- 

According to Lemma |9l if we prove that, for all a £ {0, . . . ,p — l} d , K, m £ N d and 
s £ N, we have S(sl, K, s,p, m) £ p s+1 g p (m)1ip, then we will have <?l(z) £ Z p [[z]], which is 
the announced reformulation. 

6.1.2. Proofs of (16. 3p and Lemma\Q We state a result which enables us to prove (16. 3p and 
Lemma [9j 

Lemma 10. Given s £ N, s > 1 ; a £ {0, . . . ,p s — l} d , m £ N d and L £ £. If we have 
|_L ■ &/p s \ > 1, then, for all u £ {1, . . . , [L • a./p s \ } and i £ {s, . . . , s + f p (L • m + u)}, we 
have 

a + mp 8 1 

— \ €V 

Proof. We recall that T> is the set of all x £ [0, l[ d such that there exists an element d 
of e or / satisfying d ■ x > 1. We have j a+ ™ p j £ [0, l[ d , so we only have to prove that 

L ■ | a+ ™ p | > 1. Indeed, as L £ £, there exists d £ {ei, . . . , e 9l , fi, . . . , f 92 } such that 
d > L, which leads to 

We write m = ^27Lo m^p 7 with m., £ {0, . . . ,p — l} d . We have 

a + mp s ) a + p s E^=o _1 



We have p^ _s divide [u + L • m) and so divides 

too \ /e-s-i 

m,^ J = u + L ■ | mjp J 
j=£-s / V j'=0 

Thus, we obtain p l ~ s < u + L • ^X^=q _1 m iP' ? j < ■ a + L ■ f X^=o _1 m iP J 1 an d we have 

L • a + p s L • (Ejto" 1 m ^') ( a + mp s 



1 < 



p e i p l 



□ 



We will now apply Lemma [10] to prove (16. 3p . 
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Proof of (16. 3p . Given L G £, a G {0, ...,p — l} d and j G N d , we have to prove that 
<2(a + jp) ^i'=i a/ ' P "' ^ pZ p . If [L ■ a/pj = 0, it is evident. Thus let us assume that 
[L • a/pj > 1. Applying Lemma [10] with s = 1 and m = j, we obtain that, for all 
i G {1, . . . , [L • a/pj } and £ G {1, . . . , 1 + t> p (i + L ■ j)}, we have {(a + jp)/p e } G £> and so 
A((a + jp)/p e ) > 1. Since A > on R d , we get 



^(a + jp))^EA({^})> E A({i±^})> 1 + V L.j + i ), 

which finishes the proof of (16. 3p . □ 
Proof of Lemma\B Given L G £, m G N d and s G N, we have to prove that 

P S+1 5'p( m )(-^L-mp s — -ffL-|m/pJp 3 + 1 ) £ pZp. 

We write m = b + qp where b G {0, . . . ,p — l} d and q G N . Then we have L ■ mp s = 
L • bp s + L ■ qp s+1 and L ■ [m/p\p s+1 = L ■ qp s+1 . Therefore, we get 

#L-mp" - -^L Lm/pJp^+l = /2 T ,, 1 | . = \\ T 771 | . I T j mod — Z p 

l . qps+i _|_ j ^ ' OP + ?P P 

and so p s+1 # p (m)(F L . mpS - if L . |_ m / p j p a+i ) = g p (h + qp) £)£i b/pJ r^TI mod ^ Z P' We now 
have to prove that g p (h + qp) Y2i='i^ P ^ TT~+l ^ P^p- If L-L ' WpJ = 0, it is evident. Let 
us assume that |_L ■ b/pj > 1. Applying Lemma [TUl with s — 1 and q instead of m, we 
obtain that, for all i G {1, . . . , |_L • b/pj } and all i G {1, . . . , 1 + v p (i + L ■ q)}, we have 
{(b + qp)/p £ } G V and thus 



>(#p(b + qp)) = Pp(b + qp) = \ v 11 



b + qp 



l+i; p (L-q+i) . , . . 

^ E l n ({^})>l + , r (L. q + i ), 
which completes the proof of Lemma [9j □ 



6.2. Application of Theorem [4], We will use TheoremH]to finish the proof of assertions 
{%) of Theorems [I] and [2j In the following sections, we will prove that, setting A r = Q and 
gr = 9 P for all r > 0, then there exists J\f C Ut>i ({0' ■ ■ ■ ~ l} d x {0) sucn that the 
sequences (A f .) r > and (g r ) r >o satisfy assertions (z), (n) and (m) of Theorem HJ Thus, we 
will obtain S(&, K, s,p, m) G p s+1 g p (m)Z p , as expected. 

In the following sections, we check the assumptions for the application of Theorem 4. 
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6.3. Verification of assertions (i) and (ii) of Theorem HI We fix a prime number p 
and we write g := g p and /x := fi p . For all r > 0, we set A r = Q and g. r = g. In this 
section, we will prove that the sequences (A r ) r >o and (g r )r>o verify assertions (i) and (ii) 
of Theorem HI 

For all r > 0, we have |A r (0)| p = |<2(0)| p = 1. Furthermore, for all m G N d , we 
have v p (g(m)) = /x(m) > 0, so we get g(m) G Z p \ {0}. We now have to prove that 
A(m) G g(m)Z p , which amounts to proving that /x p (m) < v p (Q(m)). This is true because, 
for all £ G N, £ > 1, we have A(m/p e ) = A({m/p e }) > lx>({m/p }), because A(x) > 1 for 
x G P. 

6.4. Verification of assertion (Hi) of Theorem [41 We fix a prime number p and we 

set 

A/-:=JJ (jnG{0,...y-l} d : W 6 {1, . . . |^ J G I)J x . 

6.4.1. Verification of assertion (b). Let (n, t) G A/" and m G N d . We have to prove that 
g(n + p'm) G p t g(vn)7L p . We have 



^=i xv J ' 7 i=i vw J/ e=t+i 

oo 



n + p l m 

p l 



Let us write m = $2£L Q m kP k , where the m^ G {0, . . . , p — l} d are zero except for a finite 
number of k. For all £ > t + 1, we have 



n + p*m1 n + P (£fc=o m ^J F(E*=o m fcP 



m 



Thus, for all £ > t + 1, if < -t^t €l>, then there exists L G £ such that 



i<l.< -}<l.{h±£= 



which gives us j 1 ^^} G P. We get 



which, associated with ( I6.4p . leads to v p (g(n + p*m)) > i + t> p (g(m)), ie. g(n + p*m) G 
p t g(m)Z p , as expected. 
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6.4.2. Verification of assertion (02). Given s G N, u G ^ s (Af) and v G {0, . . . ,p — l} d such 
that v + pu £ ty s+ i(J\f), we have to prove that 



Q(u + p s m) s+1 g(m 

Q(u) P 9(v + pu)"" 



, Zp. (6.5) 



First, we give another expression for 
* S (M) = {u G {0, l} d : V(n, t) G A/", t < s, Vj G {0, . . . , p'"* - u ^ j +p s ~*n}. 
For that purpose, we need the following lemma. 

Lemma 11. Given s G N, s > 1, and u G {0, . . . ,p s — l} d , we write u = Efc=o u fcP fc > ™^ 
Ufc G {0, . . . , p — l} d . Then, the following assertions are equivalent. 

(1) We have {u/p s } G V. 

(2) There exists (n, t) G A/", i < s and j G {0, . . . , p s ~ f — l} d such that u = j + p s_t n. 

Proof of Lemma[Tl\ (1) (2) : For all s > 1, u G {0, . . . ,p s - l} d such that {u/p 5 } G X> 
and all % G {0, . . . , s — 1}, we write A s ,i(u) for the assertion: for all £ G {1, . . . , s — i}, we 
have {(Er=]"kP k - l )/p e }eV. 

For all s > 1, we write i3 s for the assertion: for all u G {0,...,p s — I} 6 * such that 
{u/p s } G P, there exists i G {0, . . . , s — 1}, such that A St i(u) is true. 

First, we will prove by induction on s that, for all s > 1, B s is true. 

If s = 1, then, for all u G {0, ...,p — l} 01 such that {u/p} G X>, assertion ^4 10 (u) 
corresponds to no other assertion than {u/p} G T> and thus is true. Hence, B\ is true. 

Given s > 2 such that B\, . . . , are true, and u G {0, . . . ,p s — l} d verifying {u/p s } G 
T> such that *4. Sj i(u), . . . ,^4 SiS _i(u) are false, we will prove that assertion ^4 Sj o(u) is true. 
This will imply the validity of B s and will finish the induction on s. 

Let us give a proof by contradiction, assuming that there exists £ G {1, . . . , s} such that 



p£ p £ ' 



We actually have £ G {1, . . . , s— 1} because {u/p s } G P. For all L G {e 1; . . . , e gi , f 1; . . . , f,j 2 }, 
we have L ■ < 1. We write 



u 1 _ u _ p l a e +P 2^k=e u kP ____ &l . 2^ k =i n kP 



+ 



J ^t?*" 1 'P'^ — ^ < p^~~ 

Since {u/p s } G X>, there exists L G {ei, . . . , e 9l , fi, . . . , i q2 } such that 

u \ _ L a ^ , T THl] u kP k ~ e 1 j Efe=J u fcP fc " £ 



1 < L • < — > = r + L ■ ^ fc=£ 7 < 



which leads to L • (E&=.« Ukp k ~ e ) > p s ~ e — 1. Since L ■ (Efe=^ u fcP fc ~0 is an integer, we get 
L ' (Efc=^ u fcP fc ~0 > z.e. {(E^u^p^) /p s ^} G P. We write v := YX~=t u kP k ~ e G 

{0, . . . , p s ~^ — Thus we have {v/p s ~ e } G and, applying B a ^i, we obtain that there 
exists i G {0, . . . , s — t — 1} such that *4. s _^(v) is true, i.e., for all r G {1, . . . , s — £ — i}, 
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we have j ^X]fc=i l ^kP k l j /p r | £ Furthermore, for all fc, we have = U£ + ^ and 
therefore X]fc=i _1 w kP k ~ % — Sfc=l+£ ^kP k ~ l ~ l - Thereby, assertion ^4 s _£ j(v) becomes: for all 
r G {1, . . . , s — £ — i}, we have { (^2k=i+e u kP k ~ l f ) /p r } £ which corresponds to no 
other assertion than ./L^+^u). Since we assumed that ^4 Si i(u), . . . , v 4 SjS _i(u) are false, we 
get a contradiction. Hence „4 Si0 (u) is true and E s is also true, which finishes the induction 
on s. 

As {u/p s } G T>, assertion B s tells us that an i 6 {0, . . . , s — 1} exists such that A Sj i(u) 
is true, i.e. for all £ G {1, . . . , s — i}, we have { (X!fc=t P k ~ %VL k) /p e } G T>. Thus we have 
{Y^l= 1 iP k ~ , ' u k, s — i) G Af and u = YH~=oP ku k + P % Y^k=iP k ~ %Vi k- Therefore, the assertion 
(2) is valid with s — i instead of t, Ylk=d P k ~ %n k instead of n and X/fc=oP* u & ms t ea d of j. 



(2) =4> (1) : We have 



u I u l + p s 'n n In, 

> — = s — r-GP 



and so {u/p s } G V, as expected. □ 
According to Lemma (TTJ we obtain 

tf.GAO = {u G {0, l} d : {u/p'} g P}. (6.6) 

Thus, for all u G \I/ S (A/') and £ > s,we have {u/j/} = u/p < u/p s = {u/p s }, which gives 
us that, for all L G {ei, . . . , e qi , fi, . . . , f 92 } and £ > s, we have L • {u/p 1 } < L • {u/p s } < 1 
and so {u/p e } G' X?. As a result, for all £ > s, we have A({u/p e }) = and thus 



v p 



Furthermore, we have 



£=1 

which leads to 



f ) / (_ x \vr j / e=s+l v ^ y 



V P 



Q(u + p s m) \ ^ ( f u + p s m ■ > 

_ aw _ J = < S l A U _ ? _ fJ- (6 ' 7) 



We write m = Ylfc=oP kin k, with G {0, . . . ,p — l} d . For all £ > s + 1, we have 



u + p s m \ _ u + p s l^ k=Q p K m k }^k=o P m fc 



m 

p t j pE — pis \p e ~ s 
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and thus 



e=s+i x v ' 77 £=s+i v k ^ 



oo 



>g,».({^})-g1-(g})-^(-)), M) 



where inequality (16. 8p is true because, for all x 6 D, we have A(x) > 1. Applying (16. 9p to 
(16. 7p . we get 

H Q(u) J-^ (g(m)) - 

Thus, to verify assertion (02), we only have to prove that, for all u G ^(JV) and 
v G {0, . . . ,p — l} 01 such that v + pu ^ \E f s+ i(A/'), we have g{y + pu) G p s+1 Z p . 

We write u = Efc=oP fcu fc> with G {0, . . . ,p — l} d . We have {(v + pu)/p} = v/p and, 
for all £ > 2, we have {(v + pu)/p^} = + pX]fc=o^ fcufc ) /P £ - ^ e 

„ 9 (v + P u>> -t „ ({^}) ^ g) + I lE (ll*^) . 

Thus, if we prove that v/p G X> and that + p Yfk=*oP kn k) ^ ^ or a ^ ^ ^ 

{2, . . . , s + 1}, then we would have v p (g(v + pu)) > s + 1. 

• Let us prove that v/p G P. 

As v + pu ^ ^ s+ i(A/"), we obtain, according to ( 16. 6p . that {(v + pu)/p s+1 } G P. Thus 
there exists L G {e 1; . . . , e gi , fi, . . . , f ?2 } such that L • {(v + pu)/p s+1 } > 1. We get 

1<L , v + pEg 1 oP fc u fc =L v E^P fc u fc =L v fuj 

— p s + 1 p s p s + I p s \ 

As u G ^ s (Af), we have {u/p s } £ V and so L ■ {u/p s } < 1. We have L ■ {u/p s } G 
thus L • {u/p s } < (p s — l)/p s and we get, via inequality (16.101) . that L • v/p s+1 > l/p s , i.e. 
L • v/p > 1. Thereby, we have v/p G X>. 

• Let us prove that, for all £ G {2, . . . , s + 1}, we have ^v + p Efc=o^ fcufe ) /P £ ^ ^ 
We assume that s > 1. Given £ G {2, . . . , s + 1}, we have 

1<L y + pEt=oAt _ L v + pEUpV |L pEm-iA _ (6n) 
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We have u G ^ s (Af) and u = u + pJ2k=iP k lufc - Thus, applying (I3.17P with t = 0, we 
obtain Ylk=iP klu k e ^a-i(N). Iterating (13. 17ft . we finally get that YH=£-iP k ~ £+lu k e 
s -i + i(Af) . Following Lemma [HI we get 

Es— 1 i- v^s - 1 fc— f 1 

k=e -iP u k E k =i-iP u k J2k=e-iP u k 



pS+l pS—l+1 j pS—l+l 

-1 ^ /„s-i+l 



In particular, we obtain 1 > L ■ (^2l = £_ 1 p k £+1 Ufc) /p s £+1 G a _Vi N. Thus we have 



L • (J2l~\-iP k ~ e+lu k) /p s - £+1 < (p»-' +1 - l)/p s - £+1 . Using this latest inequality in flpTTD . 

we get 



ps+l — pS—£+l ' 

Therefore, for all i G {2, . . . , s + 1}, we have 

L.^Ll.^^M (6 .1 2 ) 
I P J P 

and, for all t G {2, . . . , s + 1}, we obtain {(v + pu) /p e } G T>. This completes the verifica- 
tion of assertion (02). 

6.4.3. Verification of assertions (a) and (ai). For all s G N, v G {0, ...,p— l} d and 
u G *f> s (Af), we set a (v+up) := Q(v+up) if v+up ^ \& a+ i (JV) , and 9 s (v+up) := g(v+up) 
if v + up G ^ s+ i(AT). 

The aim of this section is to prove the following assertion: for all s G N, v G {0, . . . ,p — 
u G * s (jV) and m G N d , we have 

Q(v + up + mp 5+1 ) _ Q(u + mp s ) s+1 g(m) 

Q(v + up) Q(u) G P ^(v + up)^' (b ' j 

which will prove assertions (a) and (ai) of Theorem HJ Indeed, for all v G {0, . . . ,p — 
and u G 1 i r s (jV), we have Q(v + up) G g(v + up)Z p so that 



P ^(v + up) fcP Q(v + up)^ 

and ( I6.13P implies (a). Furthermore, according to the definition of 6 S , when v + up G 
^/ s+ i(jV), congruence ( 16. 13ft implies (ai). 

Congruence ( 16 . 1 3f) is valid if and only if, for all v G {0, . . . ,p — l} d , u G ^> s (J\f) and 
m G N d , we have 

! Q(v + up) Q(u + mp s ) \ Q(v + up + mp s+1 ) s+1 g(m) 

Q(u) Q(v + up + mp s+1 )y Q(v + up) P 6 s (v + up) p ' 

In the sequel of the proof, we set 

Q(v + up) Q(u + mp s ) 

XJv, u, m) := 



Q(u) Q(v + up + mp s+i ; 
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Thus, to prove (I6.13p . we only have to prove that 

X s v,u,m-1 — Gp + — — -Z p . 6.14 

flf(m) 6» s (v + up) 

In order to estimate the valuation of X s (y, u, m) — 1, let us set, for all v G {0, . . . ,p— l} d , 
u G {0, . . . ,p s - l} d , s G N and m G N d , 

fT? 2 TT|fi-v/pJ / 1 | f» mp 3 \ 

rJv, u, m) := t 

FT '/i TTL ei ' v /PJ ( 1 _|_ e » m P a \ 
llj=l llj=l ^ e^u+jj 

Given s G N, m G N d and a G {0, . . . ,p s -l} d , we write r/ s (a,m) := E^ s+ i A ({^7^}) • 
We state four lemmas, which we prove in Section 16.4.41 

Lemma 12. For all s G N, v G {0, . . . ,p — l} d , u G ^(VV) and m G N d , we have 
X s (v,u, m) G Yg(v,u,m) (l+p s+1 Z p ) and v p (Y s (v, u, m)) > 7? s (u, m) - ry s+1 (v + up, m). 

Lemma 13. Given s G N 7 v G {0, . . . ,p — l} d and u G {0, . . . ,p s — z/ i/iere exists 
j G {1, . . . , s + 1} sfic/i £/ia£ {(v + up) /p 7 } ^ 2? ; i/ien we /iai>e Yg(v, u, m) G 1 + p s ~^ +2r L p . 

Lemma 14. For all s G N, a G {0, . . . ,p s+1 — l} d and m G we have 

r? s+ i(a,m) > fj,(m) (6.15) 

and 



Lemma 15. Given s G N and a G ^(AT), we /iowe w p (Q(a)) = J2e=i ^ f| 
In order to prove f!6.14p . we will now distinguish two cases. 

• Case 1: Let us assume that there exists j G {1, . . . , s + 1} such that 

Let jo be the smaller j G {1, . . . , s + 1} verifying ( 16. 17ft . According to Lemma [TBI applied 
with jo, we get K,(v, u, m) G l+p s ~ J0+2 Z p and thus, following Lemma [T2| t> p (X s (v, u, m) — 
1) > s — jo + 2. According to ( I6.16p . we get 

v + up 



Wp ((X s (v, u, m) - 1 ) Q(V + ^ m " ) mpS+1) ) > ^( v , u, m) - 1) + |> 



>._ jB + 2 + | A ({l± i SE}V (6 . 18 ) 
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For all I G {1, . . . , jo — 1}, we have {(v + up)/p e } G T> and so A({(v + up)/p £ }) > 1. 
We get Yli=l A({(v + up)/p e }) > jo — 1 which, associated with (j6.18p . leads to 

v p ( (X.(v, u, m) - l) Q(V + U f + mpS+1) ) > s + 1. (6.19) 

If v + up £ * s +i(A0» then we have + U P) = 2( v + U P) and P S+1 K^tS) = P S+1 - 
Hence, when v + up ^ ty s+ i(J\f), inequality ( 16.19P implies (16.141) . 

We assume, throughout the end of the proof of Case 1, that v + up G ty s+ x(J\f), thus 
6 s (y + up) = g(v + up). Let us prove that we have v p (g(\ + up)) > j — 1. Indeed, for all 
I G {1, . . . , jo — 1}, we have {(v + up)/p e } G T> and therefore 

'VC'/(v-! u/+) = > ,1 P ( ^^^J> 1 >+, 1. 



,(#( V + Up)) = ^lx,(7- 
£=1 ^ ^ 



p< 



Following (I6.18p . we get 

<2(v + up + mp s+1 ) 



v p \ (X s (v,u,m) - 1) 



g(m) 



> s - j + 2 + v p {g{v + up)) + A -v p (g(v + up)) 

> { s- ]a + 2) +]0 -l +Vp (^±^) (6.20) 



> s + 1 + v p 



Q(v + up) 



#(v + up) 

where ( 16 .201) is valid because, applying Lemma fT5l with s+1 instead of s and v + up instead 
of a, we get v p (Q(v + up)) = j^Zi A ({ X F x 2 })- Thus we have dSHD in this case. 

• Case 2: Let us assume that, for all j G {1, . . . , s + 1}, we have {(v + up) /p 7 } G D. 

In particular, we have v + up ^ ty s+ i(J\f) and thus 8 s (v + up) = Q(v + up). Furthermore, 
we obtain Y2e={ A ({(v + up)/p 1 }) > s + 1. 

If f p (y s (v, u, m)) > 0, then, following Lemma [T2"} t> p (X s (v, u, m) — 1) > and, according 
to f)6.16p . we have 

<2(v + up + mp s+1 ) \ ^ A f [v + up 



thus we have (I6.14p . 

Let us now assume that w p (y s (v, u, m)) < 0. In this case, according to Lemma [12l we 
have 

v p (X s (v, u, m) - 1) = v p (Y s (v, u, m)) > r? s (u, m) - r] s+1 (y + up, m). 
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Furthermore 



v P (Q(v + up + mp s+1 )) = A 



1=1 

s+l 



v + up + mp s+1 

pi 

v + up 1 \ / f v + up + mp s+1 



P J / — \ I P 



s+l 

E* 



<=1 



v + up 



r] s+1 {v + up,mj 



Thereby, we get 

(, , Q(v + up + mp 
v p (A s (v, u, m) - 1) — 

V 9 m 



> rj s (u, m) - r] s+ i(v + up, m) + ^ A ( \ ^ + ^ \j+ ^+i( v + U P> m ) - M m ) 

i=i VIP J / 

> s + 1 + r/ s (u, m) — p(m). 

If s = 0, then we have u = and Vo (0, m) = YZi > YZi Mi?}) = Mm) 

and we have f )6.14p . On the other hand, if s > 1 then, applying Lemma [TH with s — 1 
instead of s and a = u, we get r/ s (u, m) > /x(m), which implies (I6.14p . This finishes the 
proof of equation ( 16 . 1 3[) modulo those of the various lemmas. 



6.4.4. Proof of Lemmas UMuM U and[J 



Proof of LemmalTM We have to prove that X s (v, u, m) G Y s (v, u, m)(l + p s+1 Z, p ). 
We have 



X s (v,u, m) 



<2(v + up) <2(up + mp s+ ) Q(up) Q(u + mp 



Q{up) <2(v + up + mp s+1 ) Q(u) <2(up + mp s+1 ) 

Applying Lemma [7] with c = u we obtain 

Q(up) Q(u + mp 5 ) +1 
Q(u) Q(up + mp s + 1 ) P p ' 

so that 

X,(v,u, m)6 ^£) 9(^0 (6.21) 
y(upj y(v + up + mp s+i ) 
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Furthermore, we have 

Q(v + up) <2(up + mp s+1 ) 



<2(up) Q(v + up + mp s+1 ) 



_ nr=i ng (i + 

FT'/ 1 rrei-v / -> . ei-my+A 
lli=l llfc=l ^ ' ei-up+k J 

If d G {e 1; . . . , e gi , fi, . . . , f^} and k G {1, . . . , d • v}, then p divides d • up + k if and only 
if there exists j G {!,..., |_d • v/pj } such that k = jp. Thus we have 



k — i j — i 



Therefore 



Q(v + up) Q(up + mp s+1 ) 1 li=i 1 lj=i \ L + f~^+j 



~+7 



(1 + 0(p s+1 )) 



Q(up) Q(v + Up + mp s+1 ) TT9i TT|e r v/p] / , ei m 

lli=l 11.7=1 I ' ei-u 

= F s (v,u, m)(l + 0(p s+1 )) 

and so Xg(v, u, m) G Kj(v, u, m)(l + p s+1 Z p ), as expected. 

We will now prove that we also have 

v p (Y s (v, u, m)) > r) s (u, m) - r) s+1 (v + up, m). 

We have seen above that v p (Y s (v,u,m)) = v p (X s (v,u,m)). Furthermore, according to 
f)6.2ip . we also have 

/ Q(v + up) Q(up + mp s+i 

v p (X s (v,u, m)J = w p 



Q(up) <2(v + up + mp s+1 ) 
w P (Q(v + up)) - w p (Q(up)) + w p (Q(up + mp s+1 )) 
w P (Q(v + up + mp s+1 )) 

V + Up I \ a II U P I \ A I I U P + m P y 



oo 



v + up + mp ^ 
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We have 



up + mp s+1 



a+l 



v + up I \ a / J v + up + mp + 



EM MF -E* 



P 1 / 14 — ' \ 1 p 

e=s+2 v v ^ 7 7 e=s+2 v k ^ 



?7 s+ i(v + up, 0) - ?? s+ i(v + up, m) 



and 



00 



U P 1 1 A ( \ U P + m P 



E A 7 - E A 



v P J / \ I P 

£=s+2 v v ^ 77 £=s+2 v k ^ 

= E<H)-|a({^})=,m)-*h 

Thus, v p (Y s (v,u,m)) = 7] s+1 (v+up,0)-r) s (u,0)+^ s (u,in)-T] s+1 (v+up,m). We now have 
to prove that if u G ty s (Af), then we have i] s+ i (v + up, 0) — f] s (u, 0) > 0. As u G ty s (Af), we 
have {u/p s } ^ D. Hence, for all I > s + 1 and all L G {e 1; . . . , e gi , f 1; . . . , f 92 }, we obtain 

L<f U \ L U <L U L<f U \ 1 

\p £ ) p l ~ p s \ p s J 

i.e., for all £ > s + 1, {u/p*} £ P. Then we have r/ s (u,0) = YX s+ i A ({?}) = and 

i] s+1 (v + up, 0) - ?7 S (u, 0) = T7 s+ i(v + up, 0) > 0, 

which completes the proof of Lemma [12j □ 

Proof of LemmalTSi Given s G N, v G {0, . . . ,p — l} d and u G {0, . . . ,p s — l} d , we write 
u = SfcLo u kP k , where u fc G {0, . . . ,p - l} d . Given L G {ei, . . . , e 9l , f x , . . . , f ?2 }, we define 
s + l non-negative integers by the formulas &l,o : = L-^-v/pJ and &L,fc+i := L(-L -u fc + &L,fc)/pJ 
for k G {0, . . . , s— 1}. For all a; G R, we write [x] the smallest integer greater than x and we 
define s + l non-negative integers by the formulas aL,o := 1 and a-^^+i '■= r(I J-u fc + a L,A:)/pl- 
First, we will prove by induction on r that assertion A r : 

ll ]f7 1 + i^lM rr f 1+ Mi+ofa-^')) 

11 V L-u + n.; n l|+ L ' (Eter u *P ) +«/ ' 
is true for all r G {0, . . . , s}. 
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We have &l,o = L-L ' v /pJ and °l,o — 1, thus Ao is true. 

Given r > 0, let us assume that A r is true and prove A r +i- If aL,r > &L,r then OL,r+i > 



&L,r+i and ^4 r implies A r +\- Thus we can assume that aL, r < &L,r- If ^ G {ol, 



then p divides L • (EfcLr Ujtp fe r ) + n if and only if p divides L • u r + n, i. e. if and only if an 
i e { |~(L • u r + a L) j.)/p] , . . . , |_(L • u r + &L,r)/pJ } exists such that L • u r + n = zp. So we get 



n 



n=a L/ 



L • mp s 



n 



n 

j-lL,r+l 




L • mp s 



L • (EfcLr+l u fcP fc r ) + % p, 
L • mp s ~ r ~ 1 



:r+l 



) + 



(l + 0(p a " r )). (6.22) 



According to ^4 r and (16.22 p . we have A r+ i, which finishes the induction on r. 



Given L 6 {e 1; 



, fi, . . . , fg 2 }, we will prove by induction on k that assertion B k : 



a-L,k > 1 and &l,/c < ' {( v + up)/p k+1 }\ is true for all k G {0, ... , s}. 
We have cil,o = 1 and &l,o = L-L ' v /pJ = ' {( v + u p)/p}\ > so is true. 
Given > 0, let us assume that Bk is true and let us prove Bk+\- We have a^^+i = 
[(L ■ u k + a L ,fc)/p] and 6 L ,fc+i = L( L ' u fc + & L,fe)/pJ , thus a L ,fc+i > ["(L ■ u fc + > 1 and 



< 



L • ui- L 

- + - 

p p 



v + up 



p 



k+1 




v + p Ei= 



k+2 



which completes the induction on k. 

Given j e {1, . . . , s + 1} such that {{v + up)/p j } ^ X>, for all L 6 {ei, . . . , e 91 , fi, . . . , f 92 }, 
we obtain, via Bj-i, that Olj-i > 1 and < L-L" {(v + up)/^'}] = 0. Hence, following 

we get 



and thus 



F s (v, u, m) 



LL-v/pj 

n 

n=l 



nti n!£r /pj 



L ■ mp s 



n 



fi-u+n 



n=l 



^ , e,-mp' 
e ; ■ u+n 



1 + 0(J9 S ^' +2 ) 



1 + 0(j9 



l + 0(p^+ 2 ) 



which finishes the proof of Lemma [13j 
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□ 



Proof of Lemma^Tl^ First, we will prove that we have (16.151) . Let us write m = YH=o m kP k , 
where G {0, . . . ,p — l} d . We have 

^(■.-)-^-EA({^})-gi.({f}) 



e=s+2 



E=s+2 

Furthermore, for all I > s + 2, we have 



Thus 



Lj f E fc =o m fc p fc+s+1 ^ = i ^ Efc=o m fc p 



- e D 



G V 



and so r] s+1 (a, m) — /i(m) > 0. This completes the proof of (I6.15p . 
Let us now prove (I6.16p . We have 



v p 



Q(a + mp s+1 )\ ^ / fa+mp s+1 i 

2^ A ^ -Mm) 



^( m ) / ^ VI v 



s+l 



Yl A ({7}) +^+i( a ' m ) -M m )> 



£=1 

s+l 

(6.23) 



£=1 



where we used inequality (I6.15P for (16. 23ft . □ 
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Proof of LemmaEE We have v p (Q(a)) = XXi A ({^jJ- As a G V 8 (Af)> we have 
{a/p s } ^ V and, for all t > s + 1 and all L G {e 1; . . . , e qi , f\, . . . , f 92 }, we get 

L I & 1 L & < L & L I & 1 1 

]y J p l ~ p s \p s J 

i.e. {a/j/} ^ "D. Thus, for all I > s + 1, we have A ({a/j/}) = 0. This gives us the 
expected result. □ 

7. Proof of assertions (ii) of Theorems [1] and [2] 

We assume the hypothesis of Theorems [1] and [2j Furthermore, we assume that Xo G T> e j 
is a zero of A e j. In Section l7Tlj we prove an elementary result of analysis which we will use 
for the proofs of assertions (ii) of Theorems [T] and |2j We prove assertion (ii) of Theorem 
Q]in Section I7T21 We will use certain results from Section U72\ for the proof of assertion (ii) 
of Theorem [2] which we present in Section 17.31 

7.1. Preliminary. The aim of this section is to prove that there exists a nonempty open 
subset U of T> e j such that, for all x G W, i G {1, . . . ,qi} and j G {1, . . . , (fe}; we have 
[ei ■ xj = [ei ■ x J , ei ■ x ^ 0, [f,- ■ xj = |_fj • x J , f/ • x ^ and • x ^ f} • x. 

Particularly, for all x6W, we would have A e j(x) = A e j(xo) = 0. We will use this open 
set U throughout the rest of the proof. 

Applying Lemma [T] with, instead of u, the sequence constituted by the elements of 
e and /, we obtain that there exists > such that, for all x G [0,/^] d and all L G 
{ei, . . . , e 91 , fi, . . . f q2 }, we have [L ■ (x + x)J = [L ■ x J . As x G [0, l[ d , there exists 
Hi > 0, H\ < fi, such that, for all x G [0,/ii] d , we have x + x G [0, l[ d . Since x G T> e j, a 
L G {e 1; . . . , e gi , fi, . . . , f ga } exists such that L • x > 1, which gives us the result that, for 
all x G [0, fii] d , we have L ■ (xo + x) > L ■ Xo > 1 and thus, as Xo + x G [0, l[ d , we get that 
x + x G T> e j. Thereby, there exists a nonempty open subset U\ of T> e j such that, for all 
xeWi and L G {ei, . . . , e qi , fi, . . . , f 92 }, we have [L ■ xj = [L • x J . 

For all i G {1, . . . , q{\ and j G {1, . . . , (fe}, we define the sets 7i ei := {xGR d : ej-x = 0}, 
% t . ■= {x G M. d : fj ■ x = 0} and H ei ^ := {x G R d : e, ; ■ x = f, ■ x}. Since e and / are 
two disjoint sequences constituted by nonzero vectors, we obtain that the T-L ei , %{, and 
Heifj are hyperplanes in M. d and are therefore closed subsets of ~R d with empty interiors. 
Therefore, their complements are dense open subsets of M. d and the complement W 2 of the 
union of "H e ., TLf. and ^ ei ,f, is a dense open subset of M. d . As a result, U := U\ fl W 2 is a 
nonempty open subset of V e j and, for all x G U, i G {1, . . . , qi} and j G {1, . . . , g 2 }, we 
have e.j ■ x 7^ 0, fj ■ x 7^ 0, ej • x ^ fj ■ x, [oj • xj = |_ej ■ x J and [fj ■ xj = [fj • x J . 

7.2. Proof of assertion (ii) of Theorem QJ The aim of this section is to prove that 
there exists k G {1, . . . , d} such that there are only finitely many prime numbers p such 
that q e j^{^) € Zk^p[[z}]. Following Section HJ we only have to prove that there exists k G 
{1, . . . , d} such that, for all large enough prime number p, there exists a G {0, . . . ,p — l} d 
and K G N d such that $ Pi fc( a + pK) ^ p"Z p . We will actually prove that there exists 
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k G {1, . . . , d} such that, for all large enough prime number p, there is an a G {0, . . . , p— l} d 
such that $ Pj fc(a) ^ pZ p . In this case, we have 

/ 91 92 \ 

$ P ,*(a) = -pQ(a) £ ef ] H a . ei - £ ff } F a . f , . (7.1) 



=i 



For all d G N d , we have 



da L d ' a /pJ 



pH d a = p \^ - = p — mod pZ, 

t=l i=l JF 

Ld-a/pj 

= - mod pZ p . 



i=i " 

For all k G {1, ... , c?} and x G [0, l] d , we set 

91 L e i' x J (k) 92 L f i' x J f (fe) 

i=i j=i J j=i j=i J 

Thus, for all fc G {1, . . . , d} and a G {0, . . . ,p — l} d , we have $ p ,fc(a) = -Q(a)\I/&(a/p) 
mod pZ p . Therefore we now have to prove that there exists k G {1, . . . , d} such that, for 
all large enough prime number p, there exists a G {0, . . . ,p — l} d such that v p (Q(a)) = 
u p (*jfc(a/p)) = 0. We set M : = max{|d| : d G {ei, . . . ,e 9l ,fi, . . . ,f 92 }}. 

A constant V\ > M. exists such that, for all prime number p > V\, there exists a p G 
{0, . . . ,p — l} d such that SLp/p G U. For all £ > 2, we have a. p /p £ < &p/p 2 < 1/p and thus, 
for all L G {ei, . . . , e 9l , fi, . . . , f ?2 }, we have L • a p /p e < L ■ 1/p < Ai/p < 1. Hence, for all 
prime number p > V\ and all i > 2, we have a p /p £ ^ ^e,/, which implies that 

«p(G(ap)) = £; A e>/ (^)=A 6)/ (^)=0, 

because A e j vanishes on W and on [0, l[ d \D e j. 

So we now have to prove that there exists k G {1, . . . , d} and a constant V > Vi such 
that, for all prime number p > V, we have -^(^(ap/p)) = 0. 

For all prime number p > V\, all % G {1, . . . , gi} and j G {1, . . . , q^}, we write «j := 
|_ej • a p /pj and f3j := |fj ■ a p /p_|. According to the construction of U and since sl p /p G U, 
we have • a p /pj = [e^ ■ xoj and |_f? • a p/pJ — \fj • x oJ- Therefore, the «j and /3j do not 
depend on p. Thus there exists a constant V >V\ such that, for all prime number p > V 
and all k G {1, ... , c?}, we have 

91 (fc) 92 ft „(fc) 

**(V*o = ee^-eey g ^ xu {o} - 

j=l j=l J i=l j=l J 

Therefore we only have to prove that there exists k G {1, . . . , d} such that ^(a^/p) ^ 0. 
For this purpose, we will use Lemma 16 from [3j which reads as follows. 
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Lemma 16. Let E := (E±, . . . , E qi ) and F := (F±, . . . , F q2 ) be two disjoint sequences of 
positive integers. We write A := {E%, . . . , E qi , Fx, ... , F q2 ] and 71 < • • • < 74 = 1 for 
the rational numbers which satisfy {71, . . . , 7$} = Uae-A^a' ">•••> ^IT"' 1} anc ^ m « ^ ^ e 
amplitude of the jump of A EF m 7$. // £/iere exists i £ {1, . . . ,t} such that A EF > on 
[71,710], then we have 

g?>o - n( 1+ i) >, 

We will use Lemma [16] with E p := (ei ■ a p , . . . , e gi • a p ) instead of E and F p := (fl- 
ap, ... , f q2 ■ a p ) instead of F. 

First, we have to prove that E p and F p are two disjoint sequences of positive integers. 
Indeed, according to the construction of U, for all i £ {1, . . . , 51} and all j £ {1, . . . , t^}, 
we have • a p /p 7^ 0, fj ■ sl p /p 7^ and e$ • a p /p 7^ fj ■ & p /p, thus ■ a p 7^ 0, fj • a p 7^ 
and 6j • a p 7^ fj ■ a p , which gives us that E p and F p are two disjoint sequences of positive 
integers. 

We write A := {ei-a p , . . . , e 9l -a p , fi-a p , . . . , f g2 -a p } and 71 < ■ • • < 74 = 1 for the rational 
numbers which satisfy {71, . . . , 74} = Uae^i' '■>■■■■> 1} an d m « ^ the amplitude of 
the jump of Ae P) f p m 1i- As a p /p £ P e ,f, there exists a £ A such that a > p and so 
max(*4) > p. Hence, we have 71 = 1/ max(*4.) < 1/p. Thus there exists io £ {1, . . . , t — 1} 
such that 7j < 1/p < 7^+1 ■ Furthermore, for all x £ [0, 1], we have 

91 92 

i=i i=i 

because A e f > on [0, l] d . In particular, Ae P) f p > on [71,7*0]. 
We can therefore apply Lemma [16] which results in 

io L c /pJ V d /P\ 7 

^E^EE^-EEy (") 

i=l ceE p j=i J deFp 3=1 J 

91 L a p- e i/pJ 92 L a P- f i/pJ f 

i=l j=l •* i=l j=l •* 

d / 91 OLi (k) <J2 Pi f {k) \ rf 

fc=l \i=l j=l J i=l 3=1 J / k=l 

where ( 17.21) is valid because the abscissas of the jumps of Ae p ,f p 011 [0, 1/p] are exactly the 
rational numbers j/a with a £ A and j < \_a/p\, and an abscissa j/a corresponds to a 
jump with positive amplitude when a £ E p and to a jump with negative amplitude when 
a £ F p . 

Thus there exists k £ {1, . . .,d} such that ^k(& p /p) 7^ 0, which finishes the proof of 
assertion (ii) of Theorem [1] 
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7.3. Proof of assertion (ii) of Theorem [H According to Section [7T2| there exists k G 
{1, . . .,d} such that there are only finitely many prime numbers p such that q e j y k {z) G 
Z p [[z]]. In order to finish the proof of assertion (ii) of Theorem |2l we only have to prove 
that, for all L G £ satisfying L^ -* > 1, there are only finitely many prime numbers p such 
that g Lj6 j(z) G Z p [[z]]. During the proof, we fix L G £ e j satisfying L/ fc °) > 1 (0). We will 
separate the proof into two cases depending on whether |_L ■ x J = or |_L • x J 7^ 0. 

According to Section I7T2"} we know that there exists a constant V\ such that, for all prime 
number p > Vi, there exists a p G {0, . . . ,p — l} d such that 2L p /p G U and v p (Q(a p )) = 0. 

7.3.1. When [_L ■ xoj 7^ 0. The aim of this section is to prove that there exists a constant 
V > V\ such that, for all prime number p > V, we have $L,p(a p ) ^ pZ p , which, according 
to Section HI will prove that there are only finitely many prime numbers p such that 

gw(z) e Z p[[ z }}- 

We recall that, for all a G {0, . . . ,p — l} d , we have 

$ LlP (a) = -pQ(a)H h . a = -Q(a)H lh . aM mod pZ p . (7.3) 

For all prime number p > Vi, we have |_L • sl p /p\ = |_L ' x oJ 7^ therefore H^. ap / p ^ G 
{Hi, . . . , -f^|L|}- A constant V > Vi exists such that, for all prime number p > V, we have 
{Hi, . . . ,-ff|L|} G Zp . Thus, for all prime number p > V, we have <2(a p )i^L-a p /pj G Z* 
and, following (17. 3p . we obtain $L,p( a p) ^ pZ p . 

We observe that in this case, we did not use the hypothesis LA fe °) > 1. 

7.3.2. When |_L -x J = 0. The aim of this section is to prove that there exists r G N, r > 1 
and a constant V > V\ such that, for all prime number p > V', we have $L,p( a p + P r lfc ) ^ 
p7L p . According to SectionHJ this will prove that there are only finitely many prime numbers 
p such that gL, e ,/( z ) G Z p [[z]]. 

In the sequel, for all k G {1, . . . , d}, we write R k for the rational function defined by 

rcii n;=! (i + 

3*P0 : = 7 Tzr-sr- (7-4) 



We will use the following lemma, which we will prove at the end of this section. 

Lemma 17. For all r G N, r > 1, there exists a constant V r > Pi such that, for all prime 
number p > V r and all k G {1, . . . , d}, we have 

r 

$L, P (ap+prl fc ) = -J2H jhW Q(ap)Q(jl k )Q((r - j)l k )(R k (j) - R k (r - j)) mod pZ p . 
According to the end of Section 17. 2[ we know that 

<?1 Cti (fc ) <?2 ft f (fc ) 

££V££V^ a (7 - 5) 

i=i j=i J i=i j=i J 



Such a L exists because g ej /.fc (z) ^ Zfc Z[[z]]. 
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Inequality (17.51) proves that R ko (X) is not a constant equal to 1. Thus there exists 
r G N such that R ko ( r ) 7^ 1> Let ro be the smallest positive integer satisfying R ko (ro) ^ 1. 
Applying Lemma [T7| with fco instead of k and ro instead of r, we obtain that a constant 
^V — exists such that, for all prime number p > V ro , we have 

$L,p(ap+pr lfc ) 



''0 



= - S ^H j ^ (ko) Q(A p )Q(jl k ^Q({rQ - j)l ko )(R ko (j) - R ko (r - j)) mod pZ p 

= -^roLC=o)Q(ap)Q(r lfc )( J Rfc (ro) - l) mod pZ p , (7.6) 

where (17. 6p is valid because, for all j G {1, . . . , r — 1}, we have R ko {j) = R ko { r o ~ j) — 1- 
Since -Rfc ( r o) 7^ 1) we obtain that if L,( fc °) > 1, then there exists a constant P > V ro such 
that, for all prime number p > V, we have 

#, L(*o)Q(a P )g(r l fco ) (^ (ro) — 1) G Z* 

and therefore $L,p(a p + prolfc ) ^ £>Z p , which completes the proof of assertion (ii) of 
Theorem [2] modulo the proof of Lemma [T71 

Proof of LemrnalJJl According to Section HI for all prime number p>V\ and all K G N d , 
we have 

$ L , p (a p + pK) = Q(K - j)Q(a p (# M K-j) - P#i,(a p+ pj)) . (7.7) 



0<j<K 



Furthermore, we have pi/L-(a p +pj) = ^l^p+pljj mod pZ p with L ' a p+P L 'J = . a p /pj + 
L • j = L • j because |_L • a p /pj = |_L ■ x J = 0. Thereby, for all K, j G N d , j < K, we obtain 

Q(K-j)Q(a p +pj)pif L . (ap+pj) = Q(K-j)Q(a p +pj)iJ L . j mod pZ p . (7.8) 

Applying (17.81) to (17. 7p . we obtain that, for all K G N d , we have 

$L, P (a p +pK) 

= Q(K-j)Q(a p +pj) (^ L . ( K-j) - ^ L .j) mod P Z p 

0<j<K 

= - F L .j(Q(a p + pj)Q(K-j)-Q(j)Q(a p +p(K-j))) mod pZ p 

0<j<K 



u n( \nr\nfv -\ f Q( a p + Pi) 2(a p + p(K - 

(7.9) 
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Applying (17.91) with rife instead of K, we finally obtain 
$L, P (a p + prl k ) = 



We will now prove that, for all n G N and fc G {1, . . . , d}, we have 

Q(a p +pnl k ) 



Q(a p )Q(nlfe) 

which will enable us to conclude. We have 

Q(a, p +pnl k ) Q(a p + pnl k ) Q(pnl k 



Q(a p )Q(nlfc) Q(a p )Q(pnl k ) Q(nl k ) 

ntu n?* p (i 



pne] 



(l + 0(p)) 



imi n}i ap/pj (i + ^n) 

it; fc (n)(l + 0(p)), 



(7.10) 



i? fc (n)(l + 0(p)), (7.11) 



(l + 0(p)) (7.12) 



(l + 0(p)) (7.13) 



where we obtain f l 7 . 1 2 [) by applying Lemma [7] with s = 0, c = and nl k instead of m, 
which leads to Q(pnlfc)/Q(nlfe) = 1 + 0(p). Equation ( 17. 13ft is valid because, for all 
d G {ei, . . . , e ?1 , fi, . . . , f q2 } and j G {1, . . . , d • a p }, if j is not divisible by p then we have 
l + E^ = l + 0(p). 

There exists a constant V r > V\ such that, for all prime number p > V r and all n G 
{0, . . . , r}, we have R k {n) G Z* and H nL ( k ) G Z p . Therefore, applying (17. lip to (I7.10j) . we 
obtain that, for all prime number p > V r , we have 

r 

$L, P (a p + prl fc ) = - X) ^ jL wQ(a P )Q(jlfe)Q((r - j)l fc ) (i? fc (i) - i? fc (r - j)) mod pZ p , 

3=1 

which finishes the proof of Lemma [T71 □ 
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8. Proof of Theorem [3] 

We assume the hypothesis of Theorem [3l The aim of this section is to prove that there 
are only finitely many prime numbers p such that q e j^(z) G ZfcZ p [[z]] and that, for all 
L G £ e j satisfying > 1, there are only finitely many prime numbers p such that 
?L,e,/( z ) £ ^p[[ z ]]- We fix a L G £ e j satisfying > 1 throughout this section. 

According to Section HJ we only have to prove that, for all large enough prime number 
p, there exists a G {0, . . . , p — l} d and K G N d such that <3? Pi fc(a + K.p) ^ p7L v and $L, P ( a + 
Kp) ^ pZ p . In fact, we will prove that, for all large enough prime number p, we have 
£ pZ p and <J>L, P (plfc) ^ We have 



'12 



i=o 



8=1 



8=1 



(/I 



92 



'/I 



'/2 



,i=i 



8=1 



,1=1 



1=1 



and 



$L, P (pU) = £ Q((l - j)l fe )Q0'plfe)(^LW(l-i) -p^l 

i=o 



(AO 



Q(l fc )F LW -pQ(pl fc )# L 



5.2) 



There exists a constant Pi such that, for all prime number p > Pi, we have 



91 



'/_> 



^ef»F f ,-Ef^)^ P X U{0} 



8=1 



8=1 



and i? L (fe) G because L/ fc ) > 1. In the sequel, we write for the Landau's function 



associated with sequences e 



(fc) 



'i > 



,egO and /W := (f{ 



(fc) 



f 

) 1 <?2 



We also write 



M for the largest element of sequences e (fc) and f (k l We note that M is nonzero because 
| e |W > |/|( fc ) ; and that A fc vanishes on [0, 1/M[. If p > M, then, for all £ > 1, we have 
\jp l < 1/M and thus v p (Q(l k )) = YZi KfQhtf) = EZiMW) = °- Hence > for a11 
prime number p > max(Vi, M) =: V2, we have 
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'12 



Q(l fc ) E e i fe)jEf e« " £$ (fc) #fW G Z p U W and e Zp • (8.3) 



1=1 



i=l 



Furthermore, we have 



pH U k )r 



P 



E^ + Et 



8=1 
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= H^(k) mod pZ p , 



which gives us that, for all prime number p > V2, we have pH^^p G Z*. Similarly, we get 

91 92 \ 



,i=l i=l 



P 

Finally, for all prime number p > P 2 , we have 

MS(pU)) = E = E ^ (I) = A '< 1 ' + E A * (£) = w w -i' i w a l 

from which we obtain that, for all prime number p > V2, we have 

/ gl 92 \ 

pQ(pl fc ) ^ ef - ^ ^ (fe) # f « p G pZ p and pQ{pl k )H Uk)p G P Z P . (8.4) 



Applying 08. 3p and (18. 4p to (|8.2|) . we obtain that, for all prime number p > P 2 , we have 

$L,p(j0lfc) £ pZ p . 

Congruences ( 18. 3 p and (18. 4p associated with (18. ip prove that it suffices to prove that 
4 k)H w - Ei=i f (») ^ to conclude that, for all prime number p > P 2 , we have 
$ Pifc (pl fc ) ^ pZ p . 

For this purpose, we write E and F the respective subsequences of and obtained 
as follows. We remove the zero elements of and and, if &> k > and have an 
element in common, then we remove it from and once only. This latest step is 
repeated until the obtained sequences are disjoint. The sequence F can be empty but the 
hypothesis |e|( fe ) > \f\^ ensures that the sequence E is nonempty. Thus we have 

Y,^t ] H ef) -Y,f )H ^ = Y. cH --Y. dHd and a * = a e,f- (8.5) 

i=l i=l ceE deF 

Particularly, if F is empty then we have 

91 92 

E e ^ e f> - £ f iXf> = £ c ^ > °- 

i=l i=l cGE 

In the sequel of the proof, we assume that F is nonempty. 

Since E and F are two disjoint sequences of positive integers, we can apply Lemma [16] 
to the sequences E and F. Using the notations of Lemma IT6| we obtain 

E^-E^ = EEj-EErEv- (8 ' 6) 

ceE <feF ceE j=l J deF j=l J i=l n 

Furthermore, for all x G R, we have Ae.f(x) = Ak(x) = A e j(xlk) > so Ae.f > on 
[71, j t ] and Lemma [TBI leads to J2i=i ^ > 0- This inequality associated with (18. 5p and (18. 6p 

proves that Y^iLi W — Ei=i H HfW an d completes the proof of Theorem [3j 

i i 
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9. A CONSEQUENCE OF THEOREMS Q] AND [2] 



Almkvist, van Enckevort, van Straten and Zudilin present in |T] a list of more than 
400 fourth order differential equations that they call of Calabi-Yau type. In most of 
the considered equations, they give an explicit formula for the analytic solution F(z) 
normalized by the condition -F(O) = 1. One of the required conditions so that an equation 
to be of Calabi-Yau type is that its indicial equation at z = should have as its only 
solution (see [1]). In particular, according to Section 4.3 of [2j, there is a unique power 
series without constant term G(z) G C[[z]] such that G(z) + log(z)F(z) is a solution of the 
differential equation linearly independent of F(z). We can then define the g-parameter for 
the equation (following [2j) q(z) := z exp(G(z)/ F(z)). 

In [8], Krattenthaler and Rivoal observe that 43 equations from the list [1] have for 
solution F a specialization of a series F e j(z), where the sequences e and / verify the 
conditions of Theorem 2 from [8J. We understand by specialization of F e j{z) any series 
obtained by replacing each Zi, 1 < i < d, by z,- t = MiZ Ni , where Mj G Z \ {0} and 
Ni G N, iVj > 1. According to Theorem 2 from [8J, we see that the Taylor coefficients of 
canonical coordinates and mirror-type maps associated with e and / are all integers. It is 
the same for their specializations, which ensures the integrality of the Taylor coefficients 
of numerous new univariate mirror-type maps. In particular, we can obtain the integrality 
of the g-parameter for the differential equation. 

We found 100 additional equations from the list [1J which have as solution F(z) a spe- 
cialization of a series F e j[z). Among these new cases, 97 correspond to sequences e and / 
such that A e j > 1 on T> e j and thus, according to Theorems [1] and [21 such that the special- 
izations of canonical coordinates and mirror-type maps lie in zl*[[z]}. On the other hand, 
Cases 84, 284 and 338 correspond to sequences e and / such that there exists x G T) e j 
such that A e j(x) = 0. Thus we know that at least one of the canonical coordinates does 
not lie in zZ[[z]]. 

All in all, we obtain 143 equations which are the cases: 1-25, 29, 3*, 4**, 10**, 13**, 
1-14, 30, 34-40, 43-53, 55, 56, 58-60, 62-91, 93-99, 110-112, 116, 119, 125-128, 130, 149, 
180, 185, 188, 190-192, 208, 209, 212, 229, 232, 233, 237-241, 278, 284, 288, 292, 307, 330, 
337, 338, 340 and 367. 

Let us, for example, give the details for Case 30. The differential operator is 

C := 9 A - 2 4 z(A6 + 1)(40 + 3)(8# 2 + 86 + 3) + 2 12 z 2 (46 + 1)(40 + 3) (AO + 5) (40 + 7), (9.1) 
where 9 — z4-. The function F canceled by this operator is 



m = E 



n=0 



oo 



Z 



n 



(n!) 2 (2n)! 



(4n)! 




Given e 



((4, 4), (2,0), (2,0), (0,2)) and 



/ = ((2, 2), (1,1), (1,1), (1,0), (1,0), (1,0), (1,0), (0,1), (0,1)), 
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we obtain |e| = |/| and 

F (z 2 2 z) = V (4A: + 4m)! {{2k)\f ((2m)!) 

ej{ ' ] k ^ o (2k + 2m)\((k + m)\y (A;!) 4 (m!)» 

^ ^ (2n)!(n!) 2 U/ I m J 1 j ' 

n=0 fe+m=n v ; v ' \ / \ / 

The solution F(z) is therefore a specialization of F e j(z,w). We will now prove that 
A eJ > 1 on V eJ . 

For all (x, y) G I'e,/, we have 

A eJ {x,y) = [Ax + Ay\+2[2x\ + L2yJ - [2x + 2y\ - 2 [x + y\ , (9.2) 

because x and y lie in [0, 1[. According to the definition of T> e j, at least one of the floor 
functions in (19. 2p must be greater than or equal to 1. If 2x + 2y < 1, then we have 
A e j(x,y) > 1. Let us assume that 2x + 2y > 1. Thus we have 

[Ax + Ay\ > 2[2x + 2y\ > 1 + [2x + 2y\ , 

so that if x + y < 1, then A e j(x, ?/) > 1. On the other hand, if x + y > 1, then |_2a;J > 1 
or [2yJ > 1, and since 

[Ax + %J > [2x + 2y\ +2[x + y\, 

we obtain A e j(x,y) > 1. Thus, according to Theorem [TJ we have q e ji(z, Az) G zZ[[z}} and 
Qe,f,2(z> 4z) G 4zZ[[z]]. We will now prove that the g-parameter associated with operator 
(19. ip is equal to q e j t i(z, Az). 

Let us write G(z) as the power series without constant term such that G(z) + log(z)F(z) 
is canceled by operator ( 19. ip . In order to determine the power series G(z) we use the 
Frobenius method presented in |14] . 

For all r G C, \r\ < 1/4, and all n, k G PJ, we set 

and /i n ,fc(0) = if k > n + 1. 

The function T is meromorphic on C\Z<o and has a simple pole in all nonpositive integer. 
Hence, the functions h n ^ are analytic on {r G C : |r| < 1/4} and, when k > n + 1, the 
functions h n ^ have a zero of order 2 in r = 0. 

For all n G N and r G C, |r| < 1/4, we set 

T(l + 4n + 4r) ^ 
Cn[T) ■ T(l+n + r) 2 r(l + 2n + 2r) ^ nMrJ ' 

fc=0 
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Let us prove that the series c n (r) is well defined. We recall Euler's reflection formula: 
for all z G C \ Z, we have 

T(l-z)T(z) = -^-. (9.3) 



simnz 



We will also use the property that, for all a G]0,7r[, when | arg(z)| < n — a and z — > oo, 
we have r(z) ~ e~ z z z ~ 1 / 2 \/2n. Particularly, there exists a constant fC > such that, if 
> and \z\ > /C, then 



e- z z z -^ 2 V2^ 



< \r(z)\ < 2 



- z z z - l ' 2 V2^ 



(9.4) 



Let us fix n G N. There exists a constant /C > n + 1 such that, for all k > fC' and r G C, 
l r l — 1/4, we have \k — n — r\ > /C. Thereby, for all k G N, > /C' and all r G C \ {0}, 
r < 1/4, following ( 19. 3ft . we get 

r(l + 2(n + r- A;)) 

and 



7T 



sin(27r(A; — n — r))r(2(fc — n — r)) 



T(l + n + r - fc) 



7T 



sin(7r(A; — n — r))r((fc — n — r)) 
Applying (I9.4D to (19. 5p and (19. 6p . we respectively obtain 



(9.5) 
(9.6) 



|r(l + 2(n + r-Jfe))| < 



and 



Thus we have 



\T(l + n + r - k)\ > 



r(l + 2{n + r - k)) 



sin(27rr)(2(A; - n - r )f(k-n-r)-i/2 



2 v / 2sin(7rr)(A; - n - r ) k - n -' r - 1 l 2 
2 5 sin 2 (7rr) 



< 



7r cos 2 (7rr)2 4 ( fc n r \k — n — r) 



T(l +n + r - k) 2 
Furthermore, according to ( 19. 4p . for all k G N, k > JC', we have 

'2k 



2Y{2k) < _ 2 2k 



kT(kf 



"K 



k 



(9.7) 



(9.8) 



Therefore, following dUTJ) and (EBJ, for all r G C, |r| < 1/4, and all k G N, fc > JC', we 
have 

16 n+r gin 2/ r N 



r < 2 e 



cos 2 (7rr)7T2 {k — n — r)\fk 
There exists a constant C > such that, for all r G C, |r| < 1/4, we have 

|sin 2 (7rr)/cos 2 (vrr)| < C, \l6 n+r \ < 2 ■ 16" and \k — n — r\ > k — n — 1. 



(9.9) 
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Thus, for all r G C, \r\ < 1/4, and all G N, > /C', we have 

\Kk (r <2 9 



7T2 (/c — n — l)Vk 

Thus the series c„(r) is uniformly convergent on {r G C : |r| < 1/4} and defines an 
analytic function. 

Let us write P 2 {X) := X 4 , P X (X) := -2 4 (4X + 1)(4X + 3)(8X 2 + 8X + 3) and 

P (X) := 2 12 (4X + 1)(4X + 3) (AX + 5) (AX + 7), 

so that operator (gO) is written like C = P 2 (0) + zP x (B) + z 2 P (9). 

First, we prove that, for all r G C, |r| < 1/4, and all n G N, we have 

P 2 (n + r + 2)c n+2 (r) + P x (n + r + l)c n+ i(r) + P (n + r)c n (r) = 0. (9.10) 

If r = 0, then, according to [T], F(z) = Y^ = q c n(^) z n is canceled by C thus we have 
(I9.1(jp . Let us assume that r ^ 0. In order to prove (I9.10p . we apply the Zeilberger 
procedure from Maple 12 to the sequence 

. T(l + 4n + 4r) n2k fT(l + 2(n + r 

(&fc(n,r)) fc > := — — \ r^- — '- ■ - , 2 2fc ' 



r(l + n + r) 2 r(l + 2n + 2r) \ T(l + n + r-A;) 




V2 



fc>0 



For a hypergeometric term T(n,k) this procedure constructs a sequence (c4)fc>o an d an 
operator 7?. = P v (n)5 v + • • • + P x (n)S + -Po(^) such that lZT(n, k) = dk+i — d k , where 
Pi{X) G C[[X]] and 5 is the shift operator 5T(n, k) = T(n + 1, k). In our case, we obtain 
an explicit sequence (dk)k>o such that, for all n, k G N, we have 

P 2 (n+r+2)b k (n+2,r) + P x (n+r+l)b k (n+l,r)+P (n+r)b k (n,r) = d(k + l)-d(k), (9.11) 

with d(0) = and (quick calculation) 

<iW= °( r(n + r-Jt+l)« UJJ =0 U 
when fc — > +oo. Summing identity f)9.1ip for k from to +oo and using that d(0) = and 
d(k) ->■ 0, we get (l9~T0l) . 

fe— >+oo 

Therefore, writing F(z,r) := Xl^Lo c n{ r )z n+r , we have 

£F(3,r) = P 2 (r)c (r)z r + (P 2 (r + l) Cl (r) + Pi(r)c (r))^ 1+r . (9.12) 

Let us prove that 4^CF(z, r) = 0. The series c n (r) is analytic on {r G C : |r| < 1/4} 

and its derivative is obtained by differentiating term by term. When k > n+1, the functions 
h n ,k{ r ) are analytic in a neighborhood of and have a zero of order 2 in 0. For all k > n+1, 
we obtain 

9 ^ T(l + 4n + 4r) /T(l + 2(n + r - k))\ 2 ^ , 

r=0 



<9r I r(l + n + r) 2 r(l + 2n + 2r) V T(l + n 
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On the other hand, if m G N, m > 1, then we have r'(m) = r(m)(H m -i — 7), where 7 
is Euler's constant. Hence, for all k G {0, . . . , n}, we obtain 



5 



T(l + 2(n + r - fc)) 
<9r I r(l + n + r) 2 r(l + 2n + 2r) V. T(l + n + r-k) 2 



r(l + 4n + 4r) 



T(l + 4n) 



r(l + 2(n - k)) 



r=0 
2 



r(l + n) 2 r(l + 2n) V T(l + n-A;) 2 

x (4# 4 n - 2# n - 2# 2n + AH 2 

(n—k) 

Thus, for all n G N, we have 

2 



<4(0) 



r(l + 4n) 



T(l + n) 2 r(l + 2n) 



£ 

fc=0 



r(l + 2(n - fe)) 
T(l + n-fc) 2 

X (4-f^4n — 2H n — 2H 2n + 4:H 2 ( n -k) 



4# n _fc) (9.13) 



Particularly, we obtain 



± (P2(r)c (r)z r 



r=0 



(r 4 c (r)z r ) 



and, a simple calculation via Maple 12 leads to 

^((P2(r + l)c 1 (r)+P l (r)c (r))z 1+r ) 



r=0 



r=0 



0. 



Therefore, we have ^- ( CF(z, r 



0. 



r=0 



Since the sequence (c„(r))„> satisfies recurrence relation (I9.10p . we can follow Section 
16.2 from [H] and we obtain that there exists R > such that, for all r G C, |r| < 1/4, 
the power series F(z, r) in z has a radius of convergence at least equal to R. Furthermore, 
if \z\ < R, then F(z,r) is derivable with respect to r and 



9 m 



log(z)F(z) 



r=0 

(4n)! 



:n!) 2 (2n)! 

n=0 v y v 1 k=0 



2(n - k)\ 2 (2k 



n — k 



k 



(4if 4n — 2_£f n — 2if 2 n + 4if 2 (n-fc) — 4-ff„_fc). 



As the operator commutes with £, we obtain 



r=0 



<9r 



(CF(z,r)) 



0. 



r=0 



Thereby, J^F(z,r) = G e j t \(z,&z) + log^i 7 ^) is canceled by C and, according to 

r=0 

the uniqueness of G(z), we have = G e j^(z, Az). The g-parameter associated with 
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operator (19. ip is thus 

q(z) = zexp (G eJA (z,4:z)/F e j(z,4:z)) = q eJ>1 (z,Az) e zZ[[z]]. 

So in Case 30, the g-parameter is a specialization of a canonical coordinate. We did not 
verify in detail the 143 cases cited above but it seems that the presented method for 
Case 30 can prove in many cases that the g-parameter associated with the operator is a 
specialization of a canonical coordinate and thus, when A e j > 1 on T> e j, all its Taylor 
coefficients are integers. It would be interesting to have a more general method to prove 
this. 
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